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A first step into theoretical physics

Theoretical physics is a branch of physics whose ultimate goal is to formulate a (hopefully)
unified theory that would be able to describe all phenomena that surround us, all laws
of Mother Nature. One could picture it as the search for the DNA code of Nature. Our
most serious candidate for this unified theory, the “theory of everything”, is known as
String Theory. As of today, the ideas developed in theoretical physics may rather sound
like mathematical curiosities disconnected from reality. However, one should be aware
that a certain amount of mathematical abstraction has always been required to construct
theories that describe phenomenas of Nature. This awkward feeling one may experience
with respect to contemporary theoretical physics is certainly strongly correlated to the
absence of experimental verifications of the theories developed and studied by the actual
community of theoretical physicists.

Once upon a time, physicists used to formulate theories to describe phenomena of Nature
they could experience. Isaac Newton’s theory of classical mechanics and law of universal
gravitation were formulated in 1687 relying upon experiments. However, we know today
that Newton’s theory of classical mechanics only describes systems of particles at sizes and
velocities we can experience in daily life. An experimentally tested theory is a valid theory
if it gives a good description of some phenomena “within the limits of accuracy of the
experiments one can design to check its validity”.

The first hint that Newton’s classical mechanics is only useful to describe systems in
specific regimes appeared through the formulation of the laws of electromagnetism, describ-
ing electric, magnetic and optical phenomena, as given by James Clerck Maxwell in 1861.
From one point of view, the theory of electromagnetism is clearly different from classical
mechanics as it is a field theory where the variables can depend on the time coordinate but
also on the coordinates of space. From another point of view, electromagnetism is also a
theory whose formulation was dictated by experiments. As such, if the theories of both
Maxwell and Newton were describing physical systems, they should rely on the same un-
derlying physics. The discovery of electromagnetic plane waves, as solutions of Maxwell’s
equations, and the Michelson-Morley experiment led to conclude that light was an electro-
magnetic wave that traveled at the same velocity in any Galilean reference frame. This was
obviously in contradiction with the underlying concepts of Newton’s classical mechanics.
This situation is maybe one of the most illustrative examples where inconsistency between
theories relying on experiments was dealt with through theoretical considerations.

The resolution of this contradiction was brought in by Einstein in 1905 in his theory
of special relativity. Einstein postulated that one can not go faster than light and that



physics should be equivalent in every inertial reference frame. To agree with this, one has
to generalize the notion of Galilean reference frames. Relativistic classical mechanics is
a generalization of Newton’s classical mechanics that takes into account effects predicted
by special relativity. The beauty of special relativity is that Maxwell’s field theory of
electromagnetism was already cast in a form that agrees with Einstein’s theory. As such,
Maxwell’s theory is a relativistic field theory.

From experimental facts, it was already quite clear at the time that Newton’s theory of
classical mechanics was also not valid to describe very small sized objects such as subatomic
particles. The description of such systems was explained through the theory of quantas at
the beginning of the XX** century. The quantum theory of electromagnetism, a relativistic
quantum field theory, required the matching of the quantum theory of particles with special
relativity. The formulation of such a theory led to the construction of relativistic quantum
field theories which provide a unified framework to describe field-like objects and particle-
like objects.

Along the XX** century, two new interactions known as the weak and strong interactions
were uncovered. The range of these interactions is very small. This makes them purely
quantum-like in Nature. Just like electromagnetism, these interactions are also described
by specific quantum field theories. The unification of the electromagnetic, weak and strong
interactions is formulated by the Standard Model of particles. In this model, the interactions
mediate the dynamics of the elementary parts of matter, called elementary particles. These
elementary particles are understood as sources of the fields.

In this whole discussion, we have left aside Newton’s law of universal gravitation. Along
with the discovery of special relativity, it seemed logical that one should modify such a
law in a way that takes into account relativistic effects. Instead of dealing with such
a reformulation, Einstein introduced a totally new concept of space and time based on
the principle of equivalence, which roughly states that all observers fall the same way in
a gravitational field. Its main idea was to translate the free-fall trajectory followed by an
object submitted to a gravitational field into a trajectory in a curved spacetime background.
The gravitational field is also understood as the curving of spacetime, while energy acts as
its source. This theory of General Relativity was formulated by Einstein in 1915.

The experiments one can design today allow us to appreciate the beauty of the quantum
field theories of the electromagnetic, weak and strong interactions but also of the theory of
General Relativity describing the gravitational interaction. These theories could be thought,
at our time, just like Newton’s law at the time it was formulated; they are valid theories
in the sense that they have survived all experimental tests one was able to design to check
their validity.

However, there is a main difference. Indeed, for example, the theory of general relativity
has predicted its own domain of validity through the existence of black hole singularities.
For describing such entities, one needs an understanding of the gravitational interaction at
the quantum level. Also, the formulated quantum field theories are not well understood in
non-perturbative regimes. As such, and in the “absence” of experimental facts, new insight
is required.

In the last thirty years or so, theoretical physics has become more and more a branch of
physics in itself which tries to approach the formulation of a quantum theory of gravitation,
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and the description of non-perturbative phenomena, through the study of symmetries, dual-
ities and correspondences between various theories. The most famous theory that has come
out of these analyses is known as String Theory. In this theory, one considers elementary
particles and interactions as different vibrations of extremely small unidimensional strings.
The main success of string theory is that it provides a quantum theory that contains gravity,
i.e. the spin 2 particle is also understood as a mode of the vibrating string.

To deal with the many puzzling phenomena Nature wants to reveal us, one needs to
be equipped with appropriate mathematical tools. The work presented in this thesis deals
with aspects of the theory of General Relativity and its symmetries. I would like to consider
this work as a piece of the puzzle.
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About this thesis

The research I conducted during these last four years, which is reported in this thesis, was
motivated by the application of the electromagnetic duality idea to general relativity. It has
been shown, in 2004, that such a duality symmetry exists at the level of the linearized action
of general relativity [I]. It is known as gravitational duality. The hope that gravitational
duality could be a symmetry of the non-linear theory finds its origin in the existence of a
solution of the non-linear Einstein’s equations, known as the Lorentzian Taub-NUT metric,
which seems to describe a gravitational monopole. This solution presents several aspects
of an ill-behaved solution of Einstein’s equations, as described by the usual notions and
tools introduced by general relativity, and is often rejected on physical grounds. However, if
general relativity predicts its existence, I believe that this may not be the correct attitude.
Indeed, I think one should rather try to explain how it can be described or, at least, try
to formulate the appropriate framework where one could deal with such solutions. This
thesis addresses the gravitational duality symmetry in the linearized theory and highlights,
from several different perspectives, the problems underlying a complete understanding of
gravitational duality, and the description of dyonic solutions, in the non-linear theory.

During my work on gravitational duality, I got interested in the study of charges associ-
ated to asymptotically flat spacetimes at spatial infinity in general relativity or supersym-
metric extensions of it. The usual “Noether” charges one defines in general relativity are
referred to as “electric” charges. The topological ones, which we were able to define at the
linearized level through gravitational duality, are referred to as “magnetic” charges. It is
using a specific framework, known as the Beig-Schmidt formalism, that I started wonder-
ing about a possible formulation of topological charges at the non-linear level. However,
I realized that, even nowadays, some subtleties in the definitions of “electric” conserved
charges at spatial infinity or in hypotheses underlying validity of variational principles are
not completely settled. In the last two years, I have mainly focused on trying to clarify
these issues. The history will tell us if this was of any help in understanding “magnetic”
charges at the full non-linear level.

This thesis describes the work that was presented in the following publications, given in
chronological order,

1. “Supersymmetry and Gravitational duality”
R. Argurio, F. Dehouck, L. Houart
arXiv:0810.4999v3 [hep-th] Phys. Rev. D79: 125001, 2009.

2. “Boosting Taub-NUT to a BPS NUT-wave”
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http://arxiv.org/abs/0810.4999

R. Argurio, F. Dehouck, L. Houart
arXiv:0811.0538v1 [hep-th] JHEP 0901:045,2009.

3. “Why not a di-NUT ? or Gravitational duality and rotating solutions”
R. Argurio, F. Dehouck
arXiv:0909.0542 [hep-th] Phys. Rev. D81:064010,2010.

4. “Gravitational duality in General Relativity and Supergravity theories
F.Dehouck
arXiv:1101.4020| [hep-th] Nucl.Phys.Proc.Suppl.216:223-224,2011.

5. “On Asymptotic Flatness and Lorentz Charges”
G. Compere, F. Dehouck, A. Virmani
arXiv:1103.4078| [gr-qc] Class.Quant.Grav.28:145007,2011.

6. “Relaxing The Parity Conditions of Asymptotically Flat Gravity”
G. Compere, F. Dehouck
arXiv:1106.4045v2 [hep-th] Class.Quant.Grav.28:245016,2011.

We have chosen to split this thesis into three parts, in a way that seemed more appro-
priate for a presentation of conserved charges in gravity theories, as we now detail.

Part | - Electric side: Asymptotic flatness and Poincaré charges

The first part deals with the definition of “electric” charges for asymptotically flat space-
times at spatial infinity. As we have not been able to make sense of “magnetic” charges
in the non-linear context, we will not have much to say about them in this first part. The
original work presented here is contained in the two more recent publications listed here
above.

Conserved charges for gauge field theories can be constructed from the consideration
of asymptotic gauge transformations, which act as “global” transformations at large dis-
tances. As a consequence, the study of such charges must proceed through the description
of the asymptotic properties of the fields. In more technical terms, we deal with specific
boundary conditions which specify a particular class of solutions that behave asymptotically
in the same way. Given a set of such boundary conditions, one can study the asymptotic
symmetries and construct the “Noether” charges generated by these symmetries, in terms
of surface integrals.

General Relativity is a non-linear theory of space and time that is invariant under
diffeomorphisms, i.e. under local reparametrizations of coordinates. It is thus also possible
to define conserved charges as we have just explained. However, this theory presents two
major difficulties. The first problem is related to the fact that the field in question is
the metric. The background field is now also the dynamical field. For constructing charges
associated to asymptotic diffeomorphisms, one has to describe first in what sense asymptotic
properties of the metric should be understood. Secondly, because it is a non-linear theory,
conserved charges associated to specific asymptotic symmetries might turn out to present
non-linearities in the asymptotic fields. The analysis is thus more complicated than for
linear gauge field theories, such as electromagnetism.


http://arxiv.org/abs/0811.0538
http://arxiv.org/abs/0909.0542
http://arxiv.org/abs/1101.4020
http://arxiv.org/abs/1103.4078
http://arxiv.org/abs/1106.4045

The study of conserved charges in general relativity was initiated by considering a class
of spacetimes that approach Minkowski spacetime, in two different regimes known as null
infinity and spatial infinity. These solutions are referred to as asymptotically flat space-
times. We only restrict in this first part to considerations at spatial infinity. The study of
asymptotically flat spacetimes at spatial infinity has a long history. Nevertheless, the topic
has constantly been evolving through the years, see e.g. [2], Bl 4, [5] [6l [7, 8] for a relevant
sample of classic works before the eighties, [9, 10] 1T, 12} 13| 14, 15 16} 17, 18, 19] for a
sample of works in the last thirty years. The traditional approach presented in the literature
can be summed up as follows. The set of boundary conditions are fixed so that they define
a set of physically interesting spacetimes, such as the Schwarzschild or Kerr black holes,
and so that charges can be made finite and conserved. These works have all found that
the non-trivial asymptotic symmetries restrict to the isometries of the Minkowski metric.
As such, one obtains a description of asymptotically flat spacetimes at spatial infinity in
terms of Poincaré charges. One important feature of all these constructions is that the set
of conserved charges are linear in the fields.

The specification of the asymptotic symmetries, through the choice of specific boundary
conditions, is however a quite difficult task. In this first part, we would like to emphasize
the importance of the study of the equations of motion to see what restrictions should be
imposed on the asymptotic fields. Also, we will discuss the problem of regulation of infini-
ties which seems to have been, up to now, the main guideline in the choice of boundary
conditions. Through the study of the equations of motion and the definition of a good vari-
ational principle, we achieve a description of a class of asymptotically flat metrics that is
more general than previously considered in the literature. Our conserved and finite charges
represent a larger asymptotic symmetry group than the Poincaré group. Also, we find that
the Lorentz charges may present non-linearities in the asymptotic fields.

Chapter 1: This first chapter is intended as a broad review of conserved charges asso-
ciated to global and gauge symmetries of an action as described by Noether’s theorem. We
mainly focus on the construction of “global” charges for general relativity. For example,
we review the construction of Abbott and Deser [I0] who defined charges associated to
isometries of a background metric. In the asymptotically flat regime, we present a review
of the methods used to describe the asymptotic properties of Minkowski spacetime. At
spatial infinity, we present the work of Regge and Teitelboim [6] who first obtained, from
the Hamiltonian action, Poincaré surface charges as generators of asymptotic symmetries.

Chapter 2: We review the Beig-Schmidt formalism to describe asymptotically flat
spacetimes at spatial infinity. We propose an extension of their definition of asymptotic
flatness by considering an extended class of metrics. We study the generic construction of
independent, conserved, finite, and non-trivial charges one can built for such spacetimes
through the study of the equations of motion in the asymptotic expansion.

Although we recover the standard results for the “usual” boundary conditions, we stress
that the equations of motion do impose less stringent restrictions.

Chapter 3: This chapter elaborates on the considerations presented in chapter 2 while
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making use of covariant methods to construct charges associated to asymptotic symmetries.
Our first result is a clear understanding of the equivalence between counter-term charges
constructed from the stress-energy tensor of Mann and Marolf [I7] and the construction
of Ashtekar and Hansen [§]. From the study of the symplectic structure for our class of
spacetimes, we show that the Einstein-Hilbert variational principle is ill-defined when spe-
cific parity conditions are not imposed. We propose a regulation of the phase space for a
class of spacetimes, where we do not impose these parity conditions, through a fixation of
the ambiguity in the off-shell Einstein-Hilbert action and the symplectic structure obtained
from this action. This analysis generalizes the constructions that are present in the liter-
ature and provides a new way of looking at spatial infinity in the asymptotically flat regime.

Part 1l: Magnetic theory through duality

Gravitational duality is a symmetry of the linearized Hamiltonian action of General Rela-
tivity. If we can define “electric” charges, one should be able to define “magnetic” charges
to characterize the solutions obtained through duality transformations. It is in this sense
that the linearized Taub-NUT solution was first understood as a gravitational dyon, see for
example [20] 211, 22].

The second part of this thesis deals with gravitational duality in the linearized theory.
We use it as a playground to construct topological charges and study the sources of dual
solutions obtained through duality rotations.

Chapter 4: This chapter is a review of the electromagnetic duality as a classical sym-
metry of Maxwell’s equations. We also briefly comment on the great successes of this
theoretical construction, such as the explanation of the quantization of the electric charge.

Chapter 5: In here, we review the gravitational duality as a symmetry of the equations
of motion. We propose a definition of ten “magnetic” charges at spatial infinity, these are
referred to as the dual Poincaré charges. We use this construction as a playground to study
the dual solutions of some “electric” solutions such as the Schwarzschild and Kerr black
holes, and the shock pp-waves. In the presence of topological contributions, we point out
the difficulty, already at the linearized level, of a definition of Lorentz charges in terms of
surface integrals.

Part I1l: Gravitational duality and Supersymmetry

Supersymmetry has been one of the major ingredients in providing evidence for dualities
in the realm of string theories and M-theory. In particular, there is a very tight relation
between U-duality [23], the most general duality encompassing electric-magnetic duality,
S-duality and T-duality, and the existence of BPS bounds following from the most general
maximally extended supersymmetry algebra. This relation follows from the fact that states
(or supergravity solutions) which preserve some supersymmetries also saturate a BPS bound
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which takes the form M = |Z|, where Z is a U-duality invariant combination of all the
possible charges arising in the specific theory one is considering. These charges, which
correspond to possibly extended charged objects, arise in the supersymmetry algebra as
central extensions [24], 25], and this is the reason why they enter in the BPS bound.

It is however striking that U-duality acts only on the right hand side of the BPS bound,
while it leaves the left hand side, M, invariant. It is natural to ask whether there are more
general duality transformations that also act on M. It is because of these considerations
that we believe gravitational duality, which maps the mass M to a magnetic mass N, may
play an important