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Abstract

We present an overview of recent developments concerning modifications of the geometry of
space-time to describe various physical processes of interactions among classical and quantum
configurations. We concentrate in two main lines of research: the Metric Relativity and the
Dynamical Bridge. We describe the notion of equivalent (dragged) metric g, which is responsible
to map the path of any accelerated body in Minkowski space-time onto a geodesic motion in such
associated § geometry.

Only recently the method introduced by Einstein in general relativity was used beyond the
domain of gravitational forces to map arbitrary accelerated bodies submitted to non-Newtonian
attractions onto geodesics of a modified geometry. This process has its roots in the very ancient
idea to treat any dynamical problem in Classical Mechanics as nothing but a problem of static
where all forces acting on a body annihilates themselves including the inertial ones. This general
procedure, that concerns arbitrary forces — beyond the uses of General Relativity that is limited
only to gravitational processes — is nothing but the relativistic version of the d’Alembert method in
classical mechanics and consists in the principle of Metric Relativity. The main difference between
gravitational interaction and all other forces concerns the universality of gravity which added to the
interpretation of the Equivalence Principle allows all associated geometries — one for each different
body in the case of non-gravitational forces — to be unified into a unique Riemannian space-time
structure. The same geometrical description appears for electromagnetic waves in the optical limit
within the context of nonlinear theories or material medium. Once it is largely discussed in the
literature, the so-called analogue models of gravity, we will dedicate few sections on this emphasizing
their relation with the new concepts introduced here.

Then we pass to the description of the Dynamical Bridge formalism which states the dynamic
equivalence of non-linear theories (driven by arbitrary scalar, spinor or vector fields) that occur
in Minkowski background to theories described in associated curved geometries generated by each
one of these fields. We shall see that it is possible to map the dynamical properties of a theory, say
Maxwell electrodynamics in Minkowski space-time, into Born-Infeld electrodynamics described in
a curved space-time the metric of which is defined in terms of the electromagnetic field itself
in such way that it yields the same dynamics. It is clear that when considered in whatever
unique geometrical structure these two theories are not the same, they do not describe the same

phenomenon. However we shall see that by a convenient modification of the metric of space-time an



equivalence appears that establishes a bridge between these two theories making they represent the
same phenomenon. This method was recently used to achieve a successful geometric scalar theory
of gravity. At the end we briefly review the proposal of geometrization of quantum mechanics in

the de Broglie-Bohm formulation using an enlarged non-Riemannian (Weyl) structure.
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I. PRELIMINARY COMMENTS

The success of general relativity (GR) led to the general acceptance that the introduction
of a geometry to describe a physical process yields a unique structure identified to the space-
time. However, this is a rather general mathematical procedure and one can applies the
modification of the background geometry to substitute the acceleration not only by gravity
but for any kind of force; introducing specific and limited geometries for different observers
in many distinct situations seems to be a very useful tool.

One could accept that the achievements of a given theory may depend on the uniqueness
of its representation. However, in more recent years we have learned that the possibility of
presenting an alternative equivalent description of a given phenomenon may be an important
theoretical tool. The presentation of a theory under distinct formulations has been of great
help in many occasions, as we will verify with direct examples in these notes. We shall
see how it is possible to modify the background geometry of space-time (intrinsic to the
description of gravitational interactions according to the rules and proposals of GR) to
describe the effect of forces of distinct and multiple natures. A well-known example concerns
the propagation of light inside moving dielectrics.

We shall describe how very different modifications of the space-time geometry have been
used to describe accelerated paths in Minkowski space-time as geodesics in an associated
curved Riemannian geometry and even to exhibit the equivalence dynamics of various fields
in distinct associated geometries.

An important step in the construction of the theory of special relativity was the hypothesis
that a specific proper time can be assigned for each body. Distinct observers establish distinct
times. This proposal highlights the importance of an individual body in the description of
its kinematics and stresses the importance of the global aspects of the physical description
in the domain of mechanics. Such an individualization was new in the standard program of

physics that usually is based, in a very broad sense, to develop formalisms that intended to



be universal.

After the success of this procedure there has been a need to recover the global and unified
character of the theoretical framework. This has indeed come about through the next big
step made by the entrance of a dynamical scheme associated to the universal gravitational
interaction, which becomes identified to an attribute of the structure of space-time. There,
the geometry of space-time allows all test bodies to be considered as free particles in a curved
world and to follow the geodesics on this curved space-time, as far as gravity is taken into
account solely. If a body suffers a particular acceleration of non-gravitational character, this
freedom disappears and the body follows a non-geodesic path.

The purpose of these notes is to describe some new results that intend, in a very partic-
ularly and precise way, to extend the idea that it is possible to deal with any kind of force
through similar lines as suggested by GR. This means to introduce the idea that modifica-
tions of the geometry of space-time may describe a large variety of physical processes. In
other words, to generalize the approach of GR in order to represent all kind of acceleration
as nothing but a modification of the geometry. Along this line the path of any body on
which an arbitrary force has acted upon, can be described as if this body is free, without
any interaction, in a particular associated metric structure that depends on both, the charac-
teristics of the force and the kinematics of the body. Let us point out that there are obvious
distinctions between the case of GR and all other cases. This is due to the universality of
gravitational processes. Indeed, one of the postulates of GR states that there exists one and
only one geometric structure of space-time as perceived for all that exists. Besides that, the
uniqueness of the scenario where all events occurs lies on the hypothesis that its geometry
is controlled by the gravitational phenomena. This unification requires the neglect of all
other kind of interaction and must be interpreted as some sort of approximation related
to the degree of amplitude of its corresponding description. This beautiful requirement of
GR appears in each observation as specific examples of geometries obtained as a particular
solutions of its dynamics. In these notes we will analyze another possibility.

The original GR proposal was concerned with the possibility of eliminating the acceler-
ation induced on an arbitrary body A by a gravitational field by a convenient modification
of the metric associated to the space where A is propagating. GR shows that all gravita-
tional effects can be equivalently described in terms of such an universal modification of the

space-time geometry.



However, from the technical point of view this is only one possibility. Indeed, as we shall
review in these notes, this should not be considered the only possibility and one could well
make other conventions to ascribe specific metrics to different events. According to this point
of view, to each interaction a particular modification of the metric environment in which a
body moves in such a way that any kind of force can be eliminated by this interpretation is
likely to be associated. After this characterization of its own metric structure, the body is
interpreted as realizing a free motion. In other words, the metric becomes just a convention
to eliminate the force that drives the motion of a body. The main direct consequence of this
is that, contrary to the principles of GR, these metrics do not need any additional constraint
associated to its dynamics.

The very fact that GR assumes that the universality of gravity is the origin to accept its
geometric interpretation and once this modification of the geometry is universal, completely
independent of any particular process, makes obligatory the existence of a specific dynamics
of the space-time metric. In the case of other forces, once each process has its own origin
that produces a metric in order to compensate the force, there is no room to impose an
extra dynamics for the geometry: its characterization is specified by the interaction.

It is clear that this strategy has a drawback: we lose the uniqueness of space-time.
However such uniqueness may be understood as nothing but a suitable and conventional
way to describe the universality of gravitational interaction. Let us remark that in the
original paper that generated the modern point of view of geometrical spaces, the great

163 supported such a proposal, which was not the point of view

mathematician B. Riemann
emphasized and developed in the theory of general relativity. On the eve of his 150th death
anniversary, we intend to rescue the seminal ideas concerning the role of the Riemannian
geometries in Physics developed by him, which were not investigated before.

There is no better way to start such analysis than considering the analogy with the photon
propagation inside a moving dielectric. In general, we know that the light path acquires an
acceleration inside a medium. In the early twenties Gordon showed that it is possible to
describe this path as a geodesics in a modified metric. This means that a change of the
geometry can eliminate the acceleration in a very similar way as it is done in GR. It is clear
that such geometric description is not indispensable. The choice of such point of view yields

a new path of investigation which was named analogue models of gravity. This means to

mimic gravitational configurations by means of non-gravitational interactions. In the case



of Gordon, he used electromagnetic forces to represent gravitational interactions. We shall
see that the interest on Gordon’s approach goes beyond its original proposal once it allows
a generalization to include all kinds of accelerated paths, independently of the origin of the
force that produced it and for any kind of massive or massless body. This result seemed to
be hidden and its importance diminished during more than half a century.

The main reason for this concerns the way gravity was related to the geometry of space-
time and the various unsuccessful proposals of unification of electrodynamics into an unique
geometric framework. We know that such unfruitful works were related to the non uni-
versality of the non-gravitational forces. However there is another component to be taken
into account as soon as we realize that this method is nothing but the relativistic version
of an ancient idea of d’Alembert’s to transform a dynamical problem into a static one. We
shall see that this reduction is made by a modification of the evaluation of distances in the
space-time through a change in its geometry. We call such procedure metric relativity (MR).

We shall finally enter the microphysics and the domain of quantum properties. We shall
see that an unexpected novelty on the structure of 3-D space may be hidden in the quantum
world. This will be described by using the de Broglie-Bohm causal formulation of quantum
mechanics. We shall be prepared to make another drastic change to our description of the
motion of bodies in space. According to Riemann in his Habilitation Dissertation, one should
wounder about the extension of our ideas of geometry beyond the observation limits of the
infinitely great and the infinitely small. In these notes we have made constant references to
GR and the modification on the structure of geometry that it proposes in our neighborhood
and in the immense regions of the universe. We will now look to the other direction, to the
one that consists the micro-world. How should we treat the geometry in these extremely
small regions?

Since ancient times, Euclidean geometry was considered the most adequate mathemati-
cal formulation to describe the physical space. However, its validity can only be established
a posteriori for its construction yields useful notions to connect physical quantities such
as the Euclidean distance between two given points. Special relativity modified the no-
tion of 3-dimensional Euclidean space to incorporate time in a four-dimensional continuum
(Minkowski space-time). Later on, GR generalized the absolute Minkowski space-time to
describe gravitational phenomena by considering the space-time manifold as a dynamical

structure constituting a Riemannian manifold.



According to Riemann, the matter of which geometry is actually realized in Nature has
to be determined by physical experiments. Instead of imposing a priori that non-relativistic
quantum mechanics has to be constructed over a Euclidean 3-dimensional background as
it is traditionally done, we shall see that quantum effects can also be interpreted as a
manifestation of a non-Euclidean structure derived from a variational principle. We then
arrive at a special subclass of a more general structure than Riemannian geometries, known
as Weyl space which, in the de Broglie-Bohm vision of quantum phenomenon, should be

used to “determine the measure-relations of space”.
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II. BRIEF MATHEMATICAL COMPENDIUM

In this section we display some formula and definitions that will be used throughout this
paper. The lector interested in more details on the origin and developments that led to
these expressions can check the references, mainly the textbooks, in the bibliography at the
end2:6:164,178,186

The Riemannian manifold is characterized by a second order symmetric tensor g, and

a connection FZB related by the formula

1 v
Fgﬁ - 5 gﬂ (gua,ﬁ + guﬁ,a - gaﬁ,u) .

The Minkowski metric v, takes the following form when expressed in a Cartesian coordinate
system diag(1, —1,—1,—1). In this coordinate system it is denoted by 7,,. Greek indices
run from 0 to 3. The covariant derivative (;) is written as
VUpiv = Uppy — ngvou (1)
where v, , = 0,v,, denotes partial derivatives. The metricity Riemannian condition is ex-
pressed as
Guvx = 0.

Then, it follows

a B

a _ pa
% = Vi = R 07,

)

where g, is the Riemann curvature tensor. In terms of the connection we can write

Rueaﬁ = Puea,ﬁ - Pueﬁ,a + IWcr Fgoa - Fuoaa Je'
The curvature tensor satisfies the algebraic identities R, a5 = — Ruga = — Rupas = Rapuw,

and the Bianchi identities
R“V aB\ + R“V a8 + R:U'VB)\;OC == 0

Contacting indices, it then follows

1
R, — 2R, g" =0,

which implies, through the GR equations, the conservation of the energy-momentum tensor.

We note that this equation is obtained from Hilbert Lagrangian
5525/\/—9}2:0,
where we use 0/—¢g = —% V=9 G 09" .
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A. Non metricity

We shall deal with a generalization of Riemannian geometry that was introduced by H.

Weyl8 defined by the non-metricity condition:
Guvix = .f)xguw
where f, is an arbitrary vector. It then follows that the affine connection is given by
1
A fA A A A
F;w - ;u/} - 5 (5ufu+5ufu_guuf )7

where {/’)V} is the Christoffel symbol constructed with the metric tensor.

B. Duality

The Levi-Civita completely anti-symmetric object €,g,, takes the value 1 when indices
are (0123) or any even permutation, —1 for odd permutations and vanishes for repeated

indices. We can then construct the tensor

Napur = V —Y9 Eafuv

where ¢ is the determinant of g,,. Using this object we define a dual, that is, for any

anti-symmetric tensor F,, = — F,,, we construct its dual by the relation:
= %nwﬁ P
Thus, F7 = — Fp.
It is useful to construct the quantity gaguw = Joandsr — gargs, that satisfy the symmetries
Joppw = ~Yapyp = “Y9Bapr = Juvap-

It is easy to see that gap is the dual of 3, ,, i€,

n:zﬁ,uu = — Japuv

and inversely
g:zﬁ;w = Nopuv-

Note that .4, is a pseudo-tensor, although 7,4, is a true tensor, that is

,r],ul/po — g,uaguﬁgpsgcr)\naﬁe)\.
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Thus, we obtain

afur 1 gaﬁ,uu.

N

All the contractions of the Levi-Civita tensor with itself are collected below:

naﬁwjnpad\ = _5;(58#)\1/’
,'70'1/P€,,7>\C“B€ — —5;’:;27
Nagaan)”" ™ = —2025, (2)

OVEA

n NBrvex = —603 )

naﬁuynaﬁuu — _24’

where
s on on
Oy = det | 6% 6% Y
sy 65 of

C. Decomposition of an anti-symmetric tensor: the Faraday tensor

An arbitrary observer endowed with a normalized 4-velocity v* can decompose any second

order anti-symmetric tensor F),, into its electric and magnetic parts under the form:
F,=-v.E,+v,E,+1,"v,H,,
where the electric (£,) and magnetic (H,) vectors are defined by

[e% * [e% 1 lo} (0%
E,=F,v*, and H,=F, "= 5%05) F,,V

It then follows that these vectors are defined in the 3-space orthogonal to the observer with
velocity v*, that is

Eo"=0 and H" =0

The six degrees of freedom of F),, are represented by the 3 + 3 quantities £, e H,,.
The gauge invariant scalars constructed with the electromagnetic field represented by the

Faraday tensor [, are given by

F=F, " ad G=F,F"

13



The following algebraic identities hold

*FrerF, — FPF,, = %F&”w (3)
e R, = —iGaﬂy, (4)
N N S )
Fr FogFP\F*, = f—;aﬂy — gF“aFO‘,,. (6)

D. Weyl tensor

It is possible to decompose the Riemann curvature tensor R,g,, in its irreducible parts:

the conformal Weyl tensor Wz, and its traces

1
Raguw = Wapuw + Mapu — gRgaﬁlwv

where
2Moappw = Rapgpy + Rovgap — Rav s — BopGow-

The Weyl tensor has only ten independent components. The remaining ten components
of Riemann tensor are provided by the Ricci tensor R,, = R*,, and the scalar curvature
R = R“,.

The ten independent components of Weyl tensor are separated into its electric and mag-

netic parts according to any observer endowed with velocity v*. Indeed we write

Eog = —Waupv"v”, and Hog = —-W]

W,V
aupr V"V

Thus electric and magnetic tensors are symmetric, traceless and orthogonal to the ob-

server:

E,=FE,, E,"=0 and E,¢" =0

and

H, =H,, H,"=0 and H,g" =0.

From these symmetries it follows that the dual operation is independent of the indices
pair of Weyl tensor in which it is applied. Note that this is not the case for the Riemann

tensor, for which the condition of independence, that is,
R;Buu = Raﬁ;’lu
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occurs only in the Einstein spaces where

R

R“,, = Zgwj.

E. Conformal transformation

A conformal transformation is the map from the metric g, (z) into g, (x) defined by

Guv (%) = O (2%) g (2°),
where Q?(z®) is an arbitrary function. Then,
g (a%) = Q7% (2%) g (2%),

which yields for the affine connection

1

NC\( a 6% (6% a\
Fh =Th + 5 (2,,0% + Q.,0% — Q9™ g

and the curvature tensor

~ 1
o, =07 R, — ol

where M%5 = 4Q7 1 (1) gag™ —2(Q71) . (Q71),, g"65. The squared brackets mean

anti-symmetrization. Contracting the indices of the above expression we obtain the trans-

formations of the Ricci tensor and the scalar curvature R, respectively

~ 1 1
o -2 pa o o
RM—Q R#_§M#_ZM5M

and

R=Q?*R+60Q'00]

Finally, collecting these transformations we find the invariance of the Weyl conformal tensor

W =W

F. Projection tensor

Let v* represent a normalized congruence in a given space-time endowed with a metric

guv- The corresponding projector hy,, is defined by

hyw = G — Uy .

15



It projects quantities defined in space-time in the rest-frame of v*. Indeed, it satisfies:

haghﬁy = hav, and hagl)ﬁ =0.

Note that h,, is a symmetric tensor h,, = h,,. We can then write the distance from two

arbitrary points P and @) as
ds*(P, Q) = g, datdz” = h,,da"dz” + (v,da")?.
G. Kinematical parameters

Let us consider a congruence of curves I' that can be assigned by parameters s; on each
curve that will be called its proper time. We denote the displacement vector Z, the vector
connecting two curves of I' assigned by the same value of s.

Defining the tensor Q.3 = ho''hg” v, and decomposing it into its irreducible components,
we set

0
Qaﬁ = g haﬁ + Oap + Wap,

where

0= ho"\va;A =0,
is the expansion factor, the traceless symmetric part
Oup = % W hUuin — % Ohags
is the shear tensor and the anti-symmetric part
R
Wap = 3 h[a hﬁ} U

is the vorticity tensor.
The parentheses denote symmetrization. It follows that o, v* = 0 and w,,v" = 0. We
can then write

0
Vysv = Q;u/ + a, Uy = g h/u/ + Ouv +w;u/ +a'u'UV>

where the acceleration is defined by a, = v, = v,,v”. From independent projections of Eq.
(@), we can obtain the evolution equations for the kinematical quantities!3®. In particular,

the evolution of the expansion coefficient 6 is given by the Raychaudhuri equation
2

.0
6 + 0 +2(0® — w?) — a%, = R v

16



Particular situation for this equation will be used afterwards when we discuss analogue
models of gravity.

H. The energy-momentum tensor

The energy-momentum tensor can be written in terms of a fluid by the choice of a
particular frame represented by an observer endowed with a four-velocity field v*, yielding
the decomposition

T = pouvy =Pl + 4 o) + T
where the ten independent quantities p, p, ¢® and 7, are obtained through the projections
of T}, onto v and the space orthogonal to it.

Explicitly, the scalars p and p (energy density and pressure) are defined by p = T v, vg
and p = —% has T, the heat flux is ¢® = h*P v7 T}, and the traceless symmetric anisotropic
pressure is 7% = ho# B T, +p hes.

I. The formula of the determinant

The determinant of the matrix representation of a mixed tensor T = 7“3 may be calcu-

lated through its characteristic polynomial due to the Cayley-Hamilton theorem:

me:—iﬁﬂTﬂ—gﬁayh@%—%(ﬁ@%ﬁ+aﬂTWiﬂT%—%aﬂTW
(8)

J. Dirac spinors and the Clifford algebra

We will deal here with fields ¥ that are four-components Dirac spinors®®. The vector and

axial currents are constructed with ¥ namely,
JF=U~NMU, and IF = Uykqs 0.
For completeness we recall ¥ = W10 where ¥+ is the complex conjugate of W. The
Clifford algebra is the algebra of the Dirac matrix «, defined by its basic property
VYo + Vo Vu = 20w 1 (9)
where 1 is the identity of the Clifford algebra. We use the following notation

IQ 0 0 O'k 0 I2
V= ) Ve = ) V5 =
0 —1I —o, 0 I, 0

17



where I, represents the 2 x 2 identity matrix and o are the Pauli matrices, which satisfy

0;0j = 1€;j1 0% + 0;5, and we set

01 0 — 1 0
o1 = y 09 = ) 03
10 1 0 0 —1

The v5-matrix anti-commutes with all 7, and is defined in terms of them by

_ i aBuv —
V5 = a0 n Y YB VY Yv = Y0 V172735

where the second equality is valid in a Cartesian coordinate system in the Minkowski back-

ground. The 75 is Hermitian and the others 7, obey the self-adjoint relation
% ="

Any spinor can be decomposed into its left- and right-handed parts through the identity

1 1
‘I’Z‘I’L+‘I’R=5(14‘75)‘1’4‘5(1—75)‘1’ (10)

Then

@L\PL:O, and @R\PR:O.
K. Pauli-Kofink identity

The properties needed to analyze nonlinear spinors are contained in the Pauli-Kofink
(PK) relation. These are identities that establish a set of relations concerning elements of
the four-dimensional Clifford algebra. The main property states that, for any element @) of

this algebra, the PK relation ensures the validity of the identity:
(TQMY) T = (TQU)Y — (VQy50)75 V. (11)

for @ equal to 1, v*, 75, Y5 and o = (y#v” —4¥~*)/2. As a consequence of this relation
we obtain two extremely important facts: (i) the norm of the currents J, and I, have the
same value and opposite sign; (ii) vectors J, and I, are orthogonal. Thus, J, is a time-like

vector and I, is space-like.

18



Pauli-Kofink formula also implies some identities which will be used later on:

J, MV = (A+iBy;) VY, (12a)
L s ¥ = —(A+iBys) ¥, (12D)
LA = (A+iBys) sV, (12¢)
Ju 15 ¥ = —(A+iBys) 5V, (12d)

where A = U W and B = i¥ v; . Note that both quantities A and B are real.

L. Dirac dynamics

We shall deal with two dynamics for the spinor fields: a linear and a non-linear. For the

linear case we take Dirac theory
"0, ¥ —pW¥ =0, (13)

where p is the mass. We use the conventional units where h = ¢ = 1. The corresponding
Lagrangian is . _

L=Lp—pd¥= (%\Dwaﬂf - %auxlwxlf) —uT (14)
Note that on-mass-shell Dirac Lagrangian vanishes L(oms) = 0. From the decomposition in

a right Ui and left-handed ¥ helicity it follows that the mass-term mix both helicities:
0,V —pVer=0, (15)
V0,V — ¥ =0. (16)
M. Heisenberg dynamics
The Heisenberg self-interaction Lagrangian:
L=1Lp—-V(¥). (17)
The potential V' is constructed with the two scalars A and B :
V =s5(A"+ B%)), (18)
where s is a real parameter of dimension [length]?. The corresponding equation of motion is
iy 0, W — 25 (A +1i Bys) U = 0. (19)

19



Correspondingly, we have
o =H —H .
10, U "4+ 2s¥ (A+iBvys) =0 (20)

The Heisenberg potential Vy can be written in an equivalent and more suggestive form
in terms of the associated currents J, and I,. As a direct consequence of Pauli-Kofinki
identities, Heisenberg potential V' is nothing but the norm of the four-vector current J#,
that is A+ B? = J*J,. Note that on-mass-shell, Heisenberg Lagrangian takes the value of
its potential L(oms) = V.

N. Gauge invariance

The dynamics displayed by both Dirac and Heisenberg equations of motion are invariant
under the map

V=S50, (21)

where S is a unitary matrix satisfying S™'S,, = ¢, I. From Noether theorem this imply
that the current J, is conserved. When the transformation S is space-time dependent one
has to introduce a modification on the derivative as much the same as it occurs for tensors
in arbitrary coordinate transformation when a covariant derivative is defined. We shall deal
with this spinor covariant derivative latter on.

O. Chiral invariance

Chiral transformation is defined by the map
U =5 0.

Dirac equation is invariant under this map only for massless neutrino equation. On the other
hand, Heisenberg equation is invariant under chirality. Indeed, we have, for the conjugate

spinor:

’

v = —E%,

which implies

A=—A and B =-B

consequently the Lagrangian remains the same. Although the constant s is not a “mass”,

it provides the similar mixing of Heisenberg spinors ¥, and Wg. Indeed, we have
ivM0, V¥ —2s(A—iBvy;) Y =0 (22)

20



’i’yuﬁu \IIR — 2s (A + ’LB”}/5) \IIL =0 (23)

P. Current Conservation

Let us introduce an arbitrary parameter € in the Heisenberg equation for ¥
i"0, ¥ —2s(A+ieBy) V=0 (24)
and for ¥
10, VA" + 25V (A+ieBys) =0 (25)

We will now show that the vector current J* is conserved for any value of €, but the

axial vector current I* is conserved only for the Heisenberg equation when ¢ = 1. Thus,

multiplying by ¥ Eq. (24) and by ¥ Eq. (25) and adding these results, it follows that indeed
o, J" =0.
Let us now do the similar procedure by multiplying further by a v°. We have, respectively:
i U AP0,V = 2si (1 —€)AB. (26)
and
i 0,V 'y =2si (1 —€)AB. (27)

It then follows the result that the axial current satisfies the equation

9,I" = 4s (1 — ¢) AB. (28)

which shows that only in the case of Heisenberg choice (¢ = 1) the axial current is conserved.

Q. Weyl Integrable Space (WIS)

We shall see that it is possible to provide a geometric formulation of the non-relativistic
quantum mechanics in de Broglie-Bohm approach. For this we need some mathematical
properties of the 3-D WIS (which is called the quantum WIS or Q-WIS). Contrary to the
Riemannian geometry, which is completely specified by a metric tensor, the Weyl space
defines an affine geometry. This means that the covariant derivative which is defined in
terms of a connection I'}} depends not only on the metric coefficients but also on a vector

field f,(z). latin indeces run from 1 to 3.
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For instance, the covariant derivative of a given vector X, is
Xow=Xa v =T X (29)

The non-metricity of the Weyl geometry implies that rulers, which are standards of length
measurement, changes while we transport it by a small displacement dx’. This means that

a ruler of length [ will change by an amount
ol=1f,dz" (30)

As a consequence, the covariant derivative of the metric tensor does not vanishes as in a

Riemannian geometry but instead it is given by

Gab:k = fkgab> (31)

which is the analogous of the 4-D equation ([Il). Using Cartesian coordinates, it follows that

the expression for the connection in terms of the vector f; takes the form
1
F];b:_§ (5§fb+5llffa_gabfk)' (32)

The WIS case is provided by the condition that the vector f; is a gradient of a function,

i.e. fi = f;. This property ensures that the length does not change its value along a closed

]{ dl =0. (33)

As a matter of convenience, we define

path

f=—4n Q. (34)

Then the 3-D Ricci tensor is constructed with the affine connection (32) and is explicitly

given by
Qi Q.0 V20 VOVQ
The scalar of curvature R becomes
V3Q
R=28 a (35)
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III. INTRODUCTION

The first attempts to interpret the motion of the bodies in classical mechanics geomet-
rically, i.e. in terms of geodesics, refer to the works of M. de Maupertuis!??, in which the
principle of least action was formulated for the first time. The appearance of an effective
geometry describing the path of bodies becomes even more evident with Jacobi’s formulation
of Maupertuis’ principlet!3.

For the electromagnetism, such geometrical description appeared only in 1923, when
Gordon®® made a seminal suggestion to treat the propagation of electromagnetic waves in a
moving dielectric by a modification of the metric structure of the background. He showed
that the acceleration of the photons inside a dielectric medium can be eliminated by a
procedure similar to the one made in GR, that is, by changing the rules of distances in
space and time in the interior of the dielectric, at least in what concerns its propagation. He

proposed to interpret the propagation of electromagnetic waves inside a moving dielectric as

geodesics not in the standard background geometry ,,, but instead in the effective metric
g ="+ (ep — 1) 00", (36)

where € and p are constant parameters that characterize the dielectric and v* is the four-
velocity of the material under consideration (which is not necessarily constant). Later, it was
recognized that this interpretation could be used to describe nonlinear structures even when
¢ and p depend on the intensity of the electromagnetic field**® or more complicated functions
of the field strengths as we shall see later on. In all these cases, the causal cone, describing
the propagation of photons is associated to an effective metric, that does not coincide with
the null-cone of the background metric. The origin of this modification is due to the presence
of the moving dielectric, which changes the paths of the electromagnetic waves inside this
medium and shall be described in next sections. Before this, let us introduce a more general
question: could such particular description of the electromagnetic waves in moving dielectrics
be generalized for other cases, in which accelerated paths of arbitrary bodies submitted to
other kind of forces would be described as geodesic motions in an associated metric? We
shall see that the answer is affirmative and such kinematical map depends only upon the
acceleration of the body.

This method allows us to undertake the geometrization of any force in the sense that

arbitrary accelerated body in a given metric substratum +,, is equivalently described as
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geodesic motion in an effective geometry g,,,. We shall call this proposal as the principle of
Metric Relativity (MR). When the acceleration is produced by gravity this procedure led to
the geometrization of the gravitational field as it was done by GR. According to the MR, the
effects of the particle acceleration caused by any kind of force can be described as geodesics
on the associated metric g,,. In the case of gravity this should be identified with Einstein’s

approach.

IV. THE PRINCIPLE OF METRIC RELATIVITY

The principle of metric relativity (MR) states that the motion of an arbitrarily acceler-
ated body in a flat Minkowski space-time can be equivalently described as free of any force
and following a geodesic in an associated geometry2®, which we call dragged metric (DM).
Although the analysis we present in this section can be dealt with any underlying metric
structure, that is, flat or curved space-time, we limit this section to the case of process occur-
ring in the flat Minkowski background. Its generalization for arbitrary curved background
is a direct task and we will present some examples of it in a later section.

Let us start with the case in which the acceleration vector a,, is the gradient of a function,

that is, the force acting on the body under observation comes from a potential. We set
a, = 0,V. (37)

Using the freedom in the definition of the four-vector v* of the body, we set n,,v"v” =1
and the acceleration is orthogonal to the velocity a, v* = 0.

Motivated by Gordon’s approach, where the effective metric depends on the external
vector field associated to the dielectric motion, here we consider that the associated DM,

for any congruence of curves I'(v), takes the form
g ="+ potv”. (38)

The covariant expression is
@w = Mypv — m Uy Uy, (39)
in order to have ¥ = g"*g,,. The covariant derivative of an arbitrary vector S* in this

metric is defined in the standard way
S, = 8%, +T9,5",
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where the Christoffel symbol is constructed with metric (38). We set v = g"v, = /1 + St
In order to identify this congruence generated by v, to the one associated with v,,, we require
that /1 + 3 be constant along the motion, that is v* 9,8 = 0. The congruence I'(v) will be

geodesic if

Uy U —vaev = 0.

Note that the hat symbol denotes objects defined in the metric g".
The description of an accelerated curve in a flat space-time as a congruence of geodesics

in the DM can be rewritten as
(UW, — ffw UE> v’ =0. (40)

Once the acceleration in the background is defined by a, = v, v” and using equation (B7),

the condition of geodesics in the DM takes the form
0V = ffw v v”.

The rhs can be written as
1+

/\E | 2 « 178
FWUEU —TU VY Gawpu-

Using Egs. (B8)) and (39), we obtain that the coefficients of the DM are given in terms of
the acceleration

1
a“+§8uln(1+ﬁ) =0.

Thus, we have proved the following

Lemma 1 Given a congruence of accelerated curves I'(v) in Minkowski space-time driven

by a potential, a, = 0,¥, it is always possible to construct an associated DM of the form
g ="+ ot (41)
such that the paths of the curves become geodesics in this DM and
1+ B8 =e?"

Let us compare this method to the original proposal of the GR for the description of the
motion of a body around the weak gravitational field of the sun: they provide the same

metric. In other words, as far as we limit to weak fields, the motion of test particles in the

25



framework of GR is the same as in the DM formulation: the accelerated paths are mapped

into geodesics of the DM.

The GR description

Assume that only the v component matters and the other terms v® are very small in

comparison v°;

The acceleration suffered by this velocity field is small and does not depend on time;

Define a metric g,, =~ 1., + Vu; then GR states that the body follows a geodesic in
this metric. At this regime, the only component of v, that enters in the geodesic

equation is ygg = V;

U satisfies the Laplace equation V¥ = 0.

The DM description

e Assume that only the v component matters and the other terms v® are very small in
comparison v°;

e The acceleration suffered by this velocity field is small and does not depend on time;

e The above Lemma states that the body follows a geodesic in the metric g"” ~ n*” +

St v’ which yields f = exp (=2 V) — 1 and ggo = ¥ in the weak field limit;
e U satisfies the Laplace equation V¥ = 0.

In respect to the motion of individual bodies, we see that the distinction from DM to GR
concerns the independence of the geometry on the actual motion of the body once in GR

the geodesics are constructed in a universal metric.

A. Kinematical parameters in the DM

Let us evaluate the modification that the passage from v, to v, implies for the kinematical

parameters. First, we set for the projector the formula (see Eq. [7)

h,uu = 9Guw — Uy Up. (42>



Thus EW = h,,,. For the expansion factor

using

we obtain the value § = /T + £0.

For the shear tensor, we get
Ow =V1+pBo0u

and for the vorticity
o~ w/u/

Wy ek

This procedure of eliminating the acceleration, modify the remaining kinematical parameters

only by a multiplicative factor.
Using the formula for the determinant of g, and a convenient coordinate system, we can
rewrite the DM as
G = N — (L+9) vy 0,
We can equivalently state that the potential of the external force measures the logarithm of

the determinant of the DM, that is ¥ = In y/—3.

B. The curvature of the DM

In the case the background metric is not flat or if we use an arbitrary coordinate system
the connection is given by the sum of the corresponding background one and a tensor, that
is

re, =T, + K5, (43)

In the case of the Minkowski background a direct calculation gives for the connection the
form

ffw = K}, = v (a,v, + a,v,) — a“v, v, (44)

where we have considered Lorentzian coordinates and the particular case where the congru-

ence has no expansion, no shear and no vorticity, that is v,, = a,v, just to simplify the

calculations. Then, K. = a,. The contracted Ricci curvature has the expression
ﬁ,uu = Qupy — Gy Ay + (a)\ ay + aa,a) Uy Vy, (45>
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Noting that a* = a, " = a* it follows that a" a, = a, a, """ = a, a, ¢"". The scalar of
curvature R = J?W q" is

~

R=(2+b)a",. (46)

These expressions can be rewritten in a covariant way by noting that
J— AE
a'u,l/ - au;u + FMV e,

which yields

Ry = apyw —apay — (atay — a®;a) Up Uy, (47)

and for the scalar curvature R the form

~

R=(2+40) (a0 —d o). (48)

C. Classical dynamics

A curious consequence of the above calculations can guide us in the possible equations
of motion for the classical long-range fields. Indeed, let us consider a congruence of curves
a# = a#(s) for an arbitrary parameter s. Restricted to the case in which the congruence has
no expansion (6 = 0), no shear (o, = 0) and no vorticity (w = 0), the remaining component
of the derivative of the velocity field, the acceleration, is given by the gradient of a function
as a, = 0,¥. Thus, we have v*, = 0"V v,. Using the equation of the propagation of the
expansion e
0+ 3 +202 —2w? — a4 = Ry v
in the Minkowski background it follows that V?W¥ = 0, which is the Laplace equation for
the Newtonian potential.

In the next sections we present some applications of this procedure. We will apply, for
instance, the approach of the construction of the DM to obtain in a new perspective the

propagation of electromagnetic rays inside a moving dielectric and in the case of a scalar

field. Before this, however, let us consider a general case of accelerated paths.

V. GEOMETRIZING ACCELERATED PATHS

We turn now to the case in which the norm of the vector is not a constant of motion,

that is N = v, v, " # 1. We restrict our analysis in this section to the case in which the
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congruence I'(v) has no vorticity and set v, = d,,x. Then for the acceleration it follows
1
ay, = Uy, v = 3 OuN.
The associated DM is given again by the formula
g = (49)

where we impose that the vector v, = v, is normalized: v, 7" = v, v, g"* = 1. Then, it
follows that
1

1 N =—.
+ 3 N

The equation of the geodesics in the DM takes the form

(B — T %) 7 =0, (50)
which can be rewritten as
1 L, 1 ~
V¥ §ga5,u@avﬁ =0

and, after a direct calculation, yields nothing but the previous condition
a, = %QLN .
This ends the proof of the following lemma:
Lemma 2 For any congruence I'(v) of accelerated curves in Minkowski space-time such that
(Vpr = Vi) 07 =0
and v, v, " = N, it is always possible to construct an associated DM of the form
g ="+ pu,

such that the paths of the curves become geodesics in this geometry. The parameters of the

metric satisfy the condition N(1 + B N) = 1.
We can then rewrite the metric under the form
v v (1 - N)
gﬂ — 7]# + T

Note that the origin of the acceleration is not taken into account. For a unified treatment

v ", (51)

of the body and the source of its acceleration we should look into the description of the
field responsible for this acceleration. Could this field of force to be described in this space

endowed with a DM too? We shall see that this is indeed possible.
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A. General case

In the precedent sections we limited our analysis to the case in which the acceleration is
given by a unique function. Let us now pass to more general situation. In order to geometrize
any kind of force we must deal with a larger class of geometries that are constructed not only
with the normalized velocity v* but also in terms of its acceleration a*. The most general
form of DM that allows the description of accelerated bodies as true geodesics in a modified
geometry has the form

~

g =" + bor v’ +mara” + na v, (52)

where we denoted a* v¥) = a* v + a” v*. The three arbitrary parameters b, m, n are related
to the three degrees of freedom of the acceleration vector. The corresponding covariant form

of the metric is given by

G = N + Bu,v, + May, a, + Nag, vy, (53)

in which B, M, N are given in terms of b, m,n by
b(1 —ma?) +n?ad?
(1+0) (1 —ma?)+n?a?

- n? —m(1+ )
 (140b) (1 —ma?) +n2a?’
N=- n ,
(14+0) (1 —ma?)+n?a?
where a*> = —a,a*. In this case the equation that generalizes the geodesic condition (40)
takes the form
1 ~ —~ —~
=3 [(1 +b) v v’ + na a”} (G,v + v — G, 2)- (54)
This equation can be cast in the following formal expression
b v
auz—ﬁj_b)—nwwa : (55)

where wy, = vy, — aj, vy is the vorticity tensor. Solving this equation for these functions
provides the most general expression for any acceleration.

With these results, we can transform the path of any particle submitted to any kind of
force as a geodetic motion in the dragged metric. We can understand this method as a
relativistic extension of the d’Alembert principle, corresponding to all types of motion, i.e.,

the acceleration is geometrized through the DM approach.
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B. DM’s unchange orthogonal directions

Lemma 3 Let Z" be tangent to a geodesic curve in space-time embodied with metric g and
consider g" as the DM for a congruence of curves v*. If vectors Z* and v* are orthogonal

in the sense of g", then Z" will also be geodesic in the DM g+ .

The proof of this lemma is straightforward. Set Z#Z"g,, = 1 and define ® = Z,v,g"".
Consider 2u = AZ,, then

7 = (" + b ") A Z, = M (ZF + b D vM).

Then, for & = 0 it follows that A\ = 1. Zn will be a geodesic in the DM under the condition
Z,., 2" ~T%, 2. 2" = 0.

Now, using the expression of the Christoffel symbol in terms of g*”, we obtain

~ bu,vY
re 7.7V=-27, | ——— = 0.
g 2657),,

Thus if Z,, is geodesic in the metric g, it will also be in the DM, which proves the lemma.

C. Distinct accelerated particles in the same dragged metric

In this section we face the problem to encounter other accelerated vector fields that
satisfy the same requirements to follow a geodesic motion in the same DM that a previously
given vector field. For it, consider an accelerated congruence v* in Minkowski spacetime
following a geodetic motion in the metric (52). We have shown that a, = J,¥ — nw,,a”,
where 1+ b = ¢ 2¥. Note that the intrinsic properties (mass, charge etc.) of the particle
represented by v* are contained in W and n.

Now, consider another four-vector v such that it follows a geodetic motion in a DM

Gy =" + b0, (56)

For convenience, suppose that o7, = 1 and v,, = a,0,. This last assumption implies that
ay, = 8,}@, where U contains all information about kinematical features of o*. We then ask
if it is possible that these congruences v* and v* could agree with the same metric structure.

In principle, we suppose that v* lies on the plane generated by v* and a*, i.e.,
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o* =pot 4+ qad”, (57)

where p and ¢ are arbitrary functions. As we set v#v, = 1, this restricts the coefficients p
and ¢ to p? — ¢*a* = 1. Therefore, from the equation of motion for 0¥, i.e., 0,,0" = a,, we

obtain

- . P .
a, = (pp+qp +pga®)v, + 2—p2+ﬁ(pp+qp’) . (58)

where p = p v and p’ = p,a*. Now we look for the case a, o a, which implies that
pp + qp’ + pga® = 0. This assumption is made in order to answer if it is possible that
different particles subjected to the same force on the background can follow a geodetic

motion in the same DM. Under these considerations, Eq. (58)) yields

= 2(1 - P)a,. (59)

Eq. (89) implies that

9,0 = 2(1 — p*)(9, T — nw,,a”). (60)

Note that the potential U must satisfy this equation in order that the acceleration of v* be
proportional to the acceleration of v#. If they follow geodesics in the same geometry, then

an extra proposition must be satisfied

aé%” = " = bo"” = bv*” + mata’ + nato?). (61)

Substituting (57)) into (€1I), we obtain

i |
p 6_2\11_17

¢ =nfEe e -] (62)
S

Remark that we still have an arbitrariness in the choice of n. Once it is fixed, then we can
uniquely determine the DM in which v* and o* follow geodesics. This could be the case of

particles in a electromagnetic field with the same charge-mass ratio.
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All these analysis concerns the map that relates accelerated paths of a given background
metric, Minkowski or not, into geodesics of the modified DM. It is worth to note that this
map is independent on the other kinematical parameters of the congruence. Indeed, an
arbitrary congruence of curves are characterized by 10 parameters: the acceleration ay,
the expansion 6, the shear o, and the vorticity w,,. The most general expression for the

derivative of v, is provided by (see the definition of these quantities in Sec. [I])

Uy = 3 Py + O + Wi + a, vy

in which we are considering the background metric as Minkowski just for simplicity. It can
be easily generalized for arbitrary Riemannian geometry. The condition to map an arbitrary
accelerated curve to a geodesic in a DM is given by Eq. (40), where the important term to

be analyzed is ffw v: 07, that is

fa ~v 1+0 A,V b
VeV = a— VU v — T U\Uy .

Using the properties of the kinematical quantities entering in the expression of the derivative

of v, it follows that indeed only the acceleration survives in this formula.

D. Accelerated particles in rotating frames in Minkowski space-time

Let us consider a simple example concerning the acceleration of a body in flat Minkowski
spacetime written in the cylindrical coordinate system (¢, 7, ¢, z) to express the following

line element

ds* = a®[dt* — dr* — d2* + g(r)d¢* + 2h(r)dedt], (63)

where a is a constant. We choose the following local tetrad frame given implicitly by the

1-forms

00 = a(dt + hdo),

0" = adr,

(64)
0% = aAdo,
03 = adz,
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where we define A = y/h? — g. The only non-identically zero components of the Riemann

tensor R gop in the tetrad frame are

1 /h\?
ROIOI - 7 <_) - R02027

4a2 \ A
1 h// h/A/
0 P P — _
Buz= 2a2<A A2>’
. 1A 3 /n
R212:¥ K_Z K 9 (65>

where (/) means derivative with respect to the radial coordinate r. The equations of general
relativity for this geometry have two simple solutions that we shall analyze below.
In the case of R4 pcp=0, we get b/ = 0; A" = 0. Solving these equations, we find

h = const. and A = wr, where w is a constant. Therefore, Eq. (63]) takes the form
ds® = a*[dt* — dr* — d2* + (h* — wr?)d¢® + 2h dgdt).

This metric corresponds to the Minkowski one with a topological defect in the angular
coordinate.

If we consider the observer field

1
V= ——0%,
avh? — w?r?

with h? — w?r? > 0, describing a closed time-like curve, this path corresponds to an acceler-

ation vector given by
2

wr
CLM: (O,m,o,()) .

This means that a, = 0, V, where
20 = — In(h? — w?r?).

We are in a situation similar to the previous lemma since the acceleration is a gradient.

The parameter b of the DM, given by the expression (G3]), can be written down as
1+b=h?—w??
and for the DM, we get
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ds®  whrt —Wr?h? +1 2h
iy de* +d¢* + = —5d¢ dt — dr” — d2”.

Note that the accelerated closed time-like curves (CTC) in the original background are

mapped into closed time-like geodesics (CTG) in the DM. If one calculates the scalar cur-
vature of this metric it is possible to see that there exists a real singularity in r = h/w and
that the 0 — 0 component of the metric changes sign at

h? £ Vht —4
5 .

2,2 _
wry =

E. Accelerated particles in curved space-times

In this section we will show that the above method of eliminating the external force
by a change on the underlying geometry is a very general procedure and can be realized
in arbitrary background. We will consider some specific examples in certain curved space-
times that are solutions of the equation of motion of general relativity. We choose three well-
known geometries: Schwarzschild, Godel universe and the Kerr solution in which accelerated
particles have very peculiar properties. In these Riemannian manifolds we analyze some

examples of accelerated paths that will be described as geodesics in the associated DM.

1. Schwarzschild geometry

We start with the Schwarzschild metric in the (¢, 7,6, ¢) coordinate system

1 .
ds?® = (1 — %) dt® — @ dr? — r?(df? + sin® 0 dy?),

and choose the trajectory described by the four-velocity

Th
=150
r
The corresponding acceleration is

a, = (0 ——"" " 0.0).
i 2(r2—rry)

In this case the acceleration is gradient of the function ¥ given by

\If:—lln<1—r—h>,
2 r
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where the DM coefficient is b = —r, /r, and, therefore, the DM takes the form

ds = di* — 1; dr? — r*(df? 4 sin® 0 dy?).

Straightforwardly, the only non-vanishing Ricci tensor components of this metric are

Th

1 _ 2 _ 3 _

According to GR the energy-momentum tensor corresponding to this DM has only an
anisotropic pressure term (which is proportional to the components Cp,g, of the conformal
tensor of this metric). Such fluid has no physical meaning because the energy density is
identically zero. In spite of the apparent singularity at r = 7y, all Debever invariants are

finite everywhere except at the origin r = 0.

2. Godel’s geometry

Let us now turn our analysis to the Godel geometry™. In the cylindrical coordinate system

this metric is given by Eq. (63)), where a is a constant related to the vorticity a = 2/w? and
h(r) = V2sinh*r, and g(r) = sinh? r(sinh?r — 1).

For the sake of completeness we note the nontrivial contravariant terms of this metric are

. 2

a? cosh?r’
g2 (66)
a? cosh”r
22 _ —1

a2 sinh? r cosh®
Previously, it was pointed out the a-causal properties of a particle moving into a circular

orbit around the z—axis with four-velocity*3"

1
v =10,0, 0.
( a sinh 7 \/sinh?*r — 1 )

This path corresponds to an acceleration given by

o = (o, COS}.IT 2 si'nh22r —1] 0.0).
a? sinh r [sinh” r — 1]
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This means that a, = 9, V, where
U = — In(sinhr Vsinh?r — 1).

We are again in the situation where the acceleration is a gradient. Therefore, the param-
eter of the DM is given by
1+ b = sinh? r(sinh?r — 1).

The DM has the following expression

cisz 3 — sinh* r V2
— = dt? + d¢* + 22— ———do dt — dr® — d2*.
a?  (sinh®r — 1)? ¢ sinh® 7 — 1 ¢ g :

From the analysis of geodesics in Godel’s geometry the domain r < r, where sinh?r, = 1
separates the causal from the non-causal regions of the spacetime. This is related to the fact
that a geodesic that reaches the value r = 0 will be confined within the domain €2; defined
by the region 0 < r < r 4% However, the gravitational field is finite in the region r = r,.
Nothing similar happens in the DM, since at sinh?®r = 1 there exists a real singularity in the
DM. Only the exterior domain is allowed. This means that for this kind of accelerated path

in Godel geometry the allowed domain for the DM is precisely the whole non-causal region.

3. Kerr metric

Let us turn now to the DM approach in the case the background is the Kerr metric. In

the Boyer-Lindquist coordinate system this metric is given by

2

2M ’ AMrasin® 0 9Mra? sin* 0
ds* = <1 — T) dt2—%d7"2—pzd92+7m2sm dtdp— [(7“2 + a®)sin” § + L;m de?,
P p p

where ¥ = r?4a®—2Mr and p® = r?>+a? cos’ . On the equatorial plane (§ = 7/2) consider
the following vector field

r
v*=10,0,0, .
< \/—(r2+a2)2+a22)

This path corresponds to an acceleration given by

_ (o r3 — Ma? 0.0
=\ r*+r2a® 4+ 2Mra®’ )
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This means that a, = 9, V, where

2Ma?
2\If:—ln{—<r2+a2+ a)]'

r

Over again, we choose an accelerated path that can be represented by a gradient. The

parameter b is given by

2Ma?
1+b:—<r2+a2+ ¢ )

r

and the DM, on the equatorial plane, takes the form

~ 2
ds 1 oM 4M?a? Ma r2
— —b dt? + do? dtdd — —dr?.
( = ) AT gy e — R

a®>  (1+0)?

r

These last cases (Godel and Kerr metrics) show a very curious and intriguing property:
the accelerated CTC’s at their respective metrics are transformed into geodesic curves, that
is CTG’s. Moreover, the DMs display a real singularity excluding the causal domain in both

cases.
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VI. ACCELERATED PHOTONS IN MOVING DIELECTRICS

The suggestion to transform an accelerated path in Minkowski background into a
geodesics in an associated curved space comes from the analysis of the seminal work of
Gordon®. The description of this procedure becomes simpler and transparent using the
Hadamard’s method®. This will allow us to have a deep idea of Gordon’s approach and
will enlighten more complex cases that appear when we treat nonlinear dielectrics. This
method will be used also in the next sections for the analysis of photon propagation in
nonlinear electrodynamics. A worthwhile application of the analysis of the modification of
the geometry to deal with photon propagation inside the medium has been called “mimic
gravity”. This means to find specific electromagnetic configurations such that the photon
propagation is described by geodesics in geometries that are identical or at least similar to
specific solutions of GR. We shall deal in particular with two cases that concern spatially

homogeneous and isotropic cosmology and the rotating Godel universe.

A. A short overview on Hadamard’s method

In the classical theory of hyperbolic partial differential equations, the analysis of propa-
gation phenomena is done using a method that was developed by the French mathematician
Jacques Hadamard and concerns the study of discontinuities across some given surfaces®.
According to his method, wave propagation can be studied by following the evolution of
wave fronts, through which the field is continuous, but some of its derivatives, in general,
are not. The method is sufficiently general to be applied to in arbitrary dimensions D.
Nevertheless, we will concentrate here only in D = 4.

To be specific, let ¥ be a discontinuity hyper-surface, i.e. a definite boundary that clearly
characterizes the field disturbance and its surrounding field configurations in space-time. Let

> be defined by the equation

Y(z*) =0. (67)
This surface locally outlines two regions 1 and 2 in space-time. The discontinuity [f]| of a
b
given space-time function f(z®) across ¥ is defined as the limit
[f(@)]| = lim (fV(x +¢) = fP(z - o)), (68)

¥ e—0t

39



where £ and f® are to be understood as the values of the function f in the domains 1
and 2 respectively. The basic idea of the method is to investigate the compatibility between
some assumed field discontinuities and the structure of a given partial differential equation.
We start by assuming that the field itself is continuous, but this is not true for the highest
order derivatives. Assuming, for instance that the first derivative is discontinuous across
ie.

fal| 20 (69)

Hadamard showed that the differentials of the function f in both domains df") = 9, f"dz*

and df® = 9, f®dz* have to be continuous. He then obtained the following crucial result
Af]| = [0af]| dz* =0 70
@], = 0] (70)

which means that [0, f] . is orthogonal to the hypersurface. In other words, there exist a
non-null scalar x(x) such that

01| = X(@)ka (71)
where k, = 0,2 is the gradient of the surface ¥ = constant of discontinuity.

The type of discontinuity assumed depends on the order of the differential equation under
investigation. In the context of second order equations, derivatives of order D > 2 will in
general be discontinuous. When we have a discontinuity of this type we say that there exist
a shock wave on the surface X. These shocks are always present when the fields are described
by hyperbolic PDE’s. It is important to stress that the discontinuities are propagated along
the surface X in a specific way that is determined by the equations of motion.

At this point it is instructive to show how the method works in the context of Maxwell’s

linear electrodynamics. We assume that the electromagnetic field tensor F),, is such that
[FW] E: 0, and [FWA] Z: fw(z)kka (72)

where f,, is a non-null antisymmetric tensor. Evaluating the discontinuities of Maxwell’s

equations in vacuum

=0 and  F™,=0 (73)

across > we obtain respectively
'k, = 0. (74)
f,uuk)\ + fu)\k,u + fAuku = 0. (75>
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Contracting Eq. (78) with &* and using in Eq. (), it results

g k,k, =0 (76)
that is
0¥ 02
pv = _
ox* Oz 0 (77)

Taking the derivative of this expression and noting that k, is a gradient it follows
kuxk* = 0. (78)

This result shows that the waves propagate through null geodesics in the metric background.

B. Light paths on moving dielectric: generalized Gordon method

Apart from the Faraday tensor F),,, let us define the skew-symmetric object P, represent-
ing the electromagnetic field inside the material medium also. These tensors are expressed

in terms of the field strengths E* and H” and field excitations D* and B* as follows

F

1%

E,v, —E,v, + nuyaﬁ v B3,

P, = Dw,—D,v, + 17,“,0‘5 vy Hag,
where v is a given four-vector comoving with the dielectric and 7,,%? is the Levi-Civita
tensor. We assume that the electromagnetic properties of the medium are characterized by

the constitutive relations where

D, =€) Ew B, = ,uau Hw
where €,” and p,,” are arbitrary tensors that depend on (E, H). Consider Maxwell equations
on dielectric mediatt® with permittivity € and permeability u that characterize the dielectric:

p*., =0, and *F",=0. (79)

3

From now on, we take the background metric as flat Minkowski space-time and assume that
WU = o is a constant and € = €(E), where E = /—FE, E* and E® is the electric field.
It is straightforward to generalize these equations to arbitrary curved space-time. Indeed,
suppose an observer with velocity v* co-moving with the dielectric and such that v*,, = 0.

Then, Egs. (79) written in terms of the displacement vectors D* and B* become
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Du;y v — DV;V vt + ,r];u/aﬁ (%% Hﬁ;lz = 07
(80)
BF, v — BY vt — nvP oy, Eg, = 0.

The projection with respect to v* yields the four independent non-linear equations of
motion describing the electromagnetic field inside the dielectric medium:

S )

Ho Ha;a =0,

. Ay
e BN — €F g E”Ema _I_n)\ﬁpcr v, HU;B =0,

pig H — nPee v, Bgp = 0.
We define the unitary vector [* by setting E* = E[*, where [* satisfies [, [* = —1 and use
Hadamard conditions to obtain the propagation waves. Then, the discontinuities of Eqgs.
(BT) become [E, 5|, = e, ky and [H, 5|y, = hy ky, where e,(z) and h,(x) are the amplitudes
of the discontinuities and k, is the wave vector. Thus, it follows that

Eka€a—%Ea6aEﬁk’5 = 0,

Mo he k’a = 0,
(82)

ek®v, et — %E’\exvak‘aE“jLn“mﬁ kyvahg = 0,

po ko v WA — nroro kgv,e, = 0,
where ¢’ is the derivative of € with respect to E. Combining these equations and multiplying

by E,, we obtain the dispersion relation

/

<77“" + (po€ — 1+ po € E) v 0" — ;—EE“ EV) Kk, =0 (83)

We see that the envelop of discontinuity propagates differently from Minkowski light-cone
of the linear Maxwell theory. In this case, the causal structure is given by an effective
Riemannian geometry. Mathematically, the metric tensor is a covariant tensor of rank 2 but
sometimes we shall call “metric” a contravariant tensor of rank 2. In particular, this is the
way the Gordon metric appears naturally as g"”. From this point of view, k, is null-like in
g*, namely,

/@uy ku ku =0. (84)
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The expression of the effective geometry is given by

/
E
ﬁ‘“’:n‘“’+(u06—1+uoe'E)v“v”—E—l”l”. (85)
€
A simple calculation show that its inverse is
. 1 £
v=Nw — (1 ———— ) v,v, + —— 1,1, 86
e == (1= i) v e 0
where
¢F
E=—.
€

In particular, when € is a constant, this formula reduces to Gordon metric
g ="+ (epo — 1) 00, (87)

which depends only on the dielectric properties pg, € and its velocity v#. The magnitude
N = n"wv,v, of the wave vector in Minkowski space-time (written in terms of dielectric

properties) is determined by Gordon dispersion relation

9"k ky, = (0" + (epo — 1) v"0¥) kyky, = 0, =
(88)
= N = (1 — poe)(k%vq)?,
where k%v,, = kavgno‘ﬁ is evaluated in the Minkowski metric.
The analysis of the wave propagation in material media and the study of effective geome-
try are particularly interesting in the investigation of analogue modelt®? for the understand-

ing of kinematical properties at very small scale of astrophysical objects!46.

C. Effective gravity

The property of the propagation of electromagnetic waves in a moving dielectric has
been used to analyze certain particularities of gravity (and vice-versa®?). We then turn
our attention to the curved geometry that controls the photon propagation in a moving
dielectric. We start by noting that there is no restriction whatsoever on the particularities
of this motion. We can then choose particular displacements of the dielectrics to reproduce
specific geometries that could help in the investigation of specific metrics that are particular

solutions of GR. Let us show a simple example of this.
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Select a given congruence of curves that has no shear, no vorticity and no acceleration.

Thus we can set

i h
Uu,v 3 v
where h,, = 1, — v, v,. Define v, = v, thus
vt =epvt

where v* = n* v, and v* = g"v,. The Christoffel symbol for the effective metric are given
by

qu = (1—ep)v*hy,.

W

For the contracted curvature this form yields

_1) .
Ry — % (6 + 6% 1.

From the Raychaudhuri equation (see Sec. [MJ), it follows

.62
0+ - =0.
Jr3

We can use these properties to combine such geometry with the equations of GR and
define the Einstein tensor CA;H,, = ]%w — % ﬁ@w that allows us to define an equivalent source
for this geometry defined by

~ —1 3 —
T,U«V = %92 <nulj _'_ %UH /UI/)

That is, the motion of the photon inside the dielectric endowed with such effective metric

mimics situations that are obtained through solutions of Einstein’s equations.

D. The uses of effective metric

Let us now provide another simple example of a physical system where the exceptional
dynamics may be relevant to real practical situations and may be used to investigate dy-
namical aspects of fields in curved space-times. The basic system consists of Maxwell’s
electrodynamics inside (linear) dielectric medium in motion. The quantities we will deal

with consists in tensors F),, and P, and a normalized time-like vector field v*(x) that is
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Nuwv*v” = 1 which represents the velocity field of the material. For pedagogical reasons we

restrict our analysis to the case of isotropic constitutive laws provided by
D, =¢(x)E, and B, = u(x)H,. (89)

The equations of motion are (79) and the study of field discontinuities inside such material
leads to Gordon’s metric (87). Thus, the wave fronts inside an isotropic, heterogeneous and
linear material is described by a null vector k, with respect to this effective metric, i.e.,
9" k,k, = 0. Furthermore, we showed above that k, is a geodesic with respect to g,,. This
result was obtained several times in the literature of analogue models, enabling the study
of kinematical aspects of fields that mimic the presence of gravitation. On the other hand,
there exist various situations, typical of certain class of materials, where it is possible to go
beyond this kinematical analogy. In these cases the field dynamics itself is described by its
dependence on the effective metric, as in the case of exceptional dynamics.

In fact, using the Cayley-Hamilton formula it follows that

S
g =det(gu) = e (90)

Also, from the definition of the effective metric we obtain the identity
o= GG Fop = uP™. (91)

Using (O0) and (91]) simultaneously, it is possible to write the first of Maxwell equations (79)

(%ﬁW)Vza (92)

)

in the form

In the case of impedance matched materials where the ratio €/ is constant, we can rewrite

this equation in the very suggestive form

(V-gF™), =0, (93)

Finally the complete set of Maxwell equations (79)) in this medium can be written as
V" =0 ViaFu =0, (94)

where @a is the covariant derivative written in terms of g,,. This means that the effective

metric, that describes the characteristics, has an active part in the very description of
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the field dynamics. This situation can be used as a tool to investigate simultaneously
kinematical and dynamical aspects of fields interacting with gravity in laboratories. We
shall see afterwards that this dynamic equivalence can be useful to describe nonlinear field

theories in the context of equivalent metric.

E. Moving dielectrics: alternative expressions

Let us go back to Gordon’s paper and its generalization that is characterized by the
associated metric

g =" 4 (ep — 1) 0" 0", (95)

where € and p are parameters that characterize the dielectric and v* is the four-velocity of
the dielectric. Note that this metric can also be used to describe non-linear structures when
¢ and p depends on the intensity of the field48.

We shall analyze this propagation under the new perspective presented in the previous
section. We start by noting that the net effect of the motion of a dielectric is to produce
an acceleration for the light ray that propagate inside it. Indeed, we note that the quantity
N = k,k,n* is not null and varies through the motion of the dielectric. Once k, is a

gradient we set k, = d,%. Let us construct, following the expression of the DM defined

previously, the metric

7Y ="+ BEE, (96)

where we set that %u = k,,. Correspondingly, the contravariant expression is
k= (14 BN) k"

Imposing that this vector has unit norm in the DM it follows that N(1 + 8 N) = 1. Thus,
the optic ray %u becomes a geodesic in this DM. This is a trivial consequence of the fact
that this vector is both the gradient of a function and has constant norm. We then rewrite

the Gordon result in the form

Lemma 4 In a moving dielectric the optic rays propagate through geodesics in the associated

DM of the form

1-N
N2

="+ K EY,
where N = (1 — pge) (k, v, n')2.
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There are two equivalent forms to define the DM for the path of photons in a moving

dielectric, that is:

e The Gordon metric

9 = o+ (e — 1) 00"

e The dragged form

v =n"+ k* K. (97)

N2

Note that we have used the fact that N is constant along the ray, that is N , k* = 0.
Thus the above Lemma is valid only for rays k, such that its angle with the motion of the
dielectric is preserved along the ray.

The interesting remark concerns the fact that, although in the Gordon analysis the asso-
ciated metric depends explicitly on the velocity of the dielectric, in the present formulation
this dependence is hidden in the form of the scalar product (k, v, n*) and the direction of
the ray k, appears explicitly in the driven metric. This difference plays a very important role
in the cases of the search of the properties that mimics GR using electromagnetic effective

geometry, as for instance in the case of non-gravitational black-hole as we shall see later.

F. Polynomial Metrics

Gordon approach depends explicitly on the velocity v® of the dielectric. Nevertheless such
form of introducing an effective metric is not unique as we have shown in Eq. (@7). Indeed, it
is possible to construct another metric g, that allows to arrive at the same results obtained
by Gordon and besides reduces the dependence on the four-velocity v®. From practical
reasons, it might be useful to weaken this constraint of Gordon approach, once it is easier to
determine the shape of the electromagnetic wave packet in the laboratory than constructing
nonlinear dielectric media with arbitrary tensorial parameters €,3 and j,s—despite of the
great advances in this research area recently7%-172,

Let us now show that exists a class of geometries which play the same role as Gordon
metric depending only on the angle k,v® between the wave vector k, and the dielectric

four-vector v®. This is achieved by generalizations of results of previous sections. Let us list

some examples:
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Case A: this approach corresponds to Sec. [VIE] where the metric is given by Eq. (@6).
We transform there the non-normalized wave vector £, in Minkowski background in a nor-
malized time-like vector in g, namely, N(q) = (148 N)N = 1. It does not violate Lorentz
invariance, because everything happens inside the dielectric. We note that it is not possible
to fix N equal to zero, otherwise the metric is ill-defined. Therefore, £, is not a null-like

vector in the @—metric. Another feature is that the magnitude of the dielectric four-vector
E]\“V Uy Uy = 1+ 6 (ku Uy 77“”)2,

is not necessarily positive definite allowing observers with velocity great than speed of light
inside the medium In the laboratory, the angle between these two vectors is easier to manip-
ulate than the dielectric velocity field only. We expect that this fact could be of reasonable

utility in the research of analog models. For instance, if we set
L+ Blkuv, 11)? =0,
then, using Eq. (88]), we obtain

_ (poe—1)
=5

Substituting this result into the equation for the norm of k, in g, yields
o €N = 1.

Therefore, the metric ¢*” with this particular value of § produces the following outcome:
the wave vector k, becomes a normalized and time-like vector, while the dielectric velocity
v#, which was a time-like vector in the Minkowski background, becomes a null geodesic in
qu - Thus, the causal structure is no more determined by k,,.

Remark that the metric ¢* presented in the precedent sections is not unique. We can
enlarge the set of metrics that have the same properties showed above adding other terms

to ¢ provided the condition (241)) is valid. To exemplify these cases we consider:
Case B: the polynomial metric is given by

mt =" + BEF EY + data”.
It is straightforward to show that its inverse has an extra term
My = N + B ky ky + Aaya, + Aag,k,),
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where () means symmetrization. The coefficients of the inverse metric are

(1 ;(&L?) SL+BN) BN

B=- X 2X
Here, we defined a> = —a®a,, N = N, k* and

) A:_

N2
X =1—-6a>+ BN — 36 <T+Na2>.

The appearance of an extra term also happens with the inverse metric when we consider
instead of a*a” a term of the form a*k*). In both cases an extra term is necessary breaking
the polynomial symmetry between the metric and its inverse. Nevertheless we will present
the calculations for this case focusing only on the metric containing the term a*a” and
indicating that the results are very similar when the other term is considered separately.

The geodetic motion condition for the wave vector leads to

~ S .
Ny = (1+ BN)N + ZN2 = 0.

Note that this approach permits a null geodesic motion for the wave vector k,. This is the
simplest case in which we regain the main Gordon result (k, as a null-like geodesic). The
sign of the norm of v* is undetermined and may be chosen arbitrarily.

Case C: the most general case involving first order derivatives of k, occurs when the
metric is expressed in the form (higher derivatives of k, greater than that leads to a metric

tensor g, ill-defined.)

A =" 4+ BEM K + data” + AaM kY
and its inverse is
Ny = N + Bk ky + Aaya, + Aag,ky.

The covariant metric coefficients are given by
5.2 2 2 \ _ \
B(1 5CL)+)\CL7 A:_(;(l—l-ﬁN) AN and A:_)\(2+N)\) QﬁcSN7
Z Z 27
where Z = [1—6a2+ BN + N — (85 — \2) (iNerNaz)].

Once it involves more degrees of freedom, we can regain all outcomes presented before,

B=-

but with different algebraic relations of course. In particular, the magnitude of the wave

vector 1n ny,, 18 set

- ) 5 .
N(n)=(1+5N+)\N)N+ZN2.
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Remark that the metric and its inverse have the same number of polynomial terms as
required from the beginning. Following this reasoning, one can manipulate the cases A and
C in order to describe geometrically the kinematical aspects of a given theory. In particular,

135,136

it can be done with classical mechanics and the electromagnetic case is in progress.

G. Analogue spherical black holes

In this section we briefly review an example — from several presented in the literaturet!21:109.181

— developed recently®® on how it is possible to generate a non-gravitational black-hole for
photons. Let us consider a dielectric medium moving with four-velocity v® = ¢, subjected
to an electric field directed along the radial direction and no magnetic field. For the static
spherically symmetric situation we are dealing with, the current four-vector J* = (p, f)

presents only its time component, the charge density p. Maxwell equations written in flat

spherical coordinates adapted to the dielectric medium, then reduce to

Or(V=€eE)
N (98)

where v = —r*sin?. In this case, the effective geometry generalizes the Gordon metric,

yielding

'E 1 1
€e+e ) ' (99)

% = dia +¢E), — e
g 1g<u(6 €E), T T Ty

This form allows one to seek for analogue spherically symmetric static black hole solutions

1 1 1
o8 — diag [ =, —A, —=, ———_ 100
g 126 <A’ o2 TQSinzﬁ)’ (100)

where A = A(r) is a given radial function such that A(r) = 1—ry, /7 describes a Schwarzschild
black hole with a Schwarzschild radius 7,,. Equation (I00]) includes all spherically symmetric
black holes, such as Schwarzschild, Reissner-Nordstrom, de-Sitter or combinations thereof,
being characterized by the explicit form of the function A. The identification of Eqs. (Q9)
and (I00) gives the two possible solutions

e+ E=4\/¢/p. (101)

In order to integrate this equation, a two-parameter function u = (e, E') can arbitrarily be
chosen. Among all possibilities, we restrict ourselves here to the mathematically convenient

form

€

p= (102)
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where € is the vacuum permittivity constant (with ppep = 1). Equation (I0I]) then reads

(eE)" = 4€*/¢y, whose integration immediately yields € = e, where

€o
+1’

(103)

€4 =

Ble

and A(r) = ey /eg = 1/(1 £ E/Ey), where Ey > 0 is a constant of integration; for € = e,
one has F = Ey at A = 1/2, while the solution € = e_ is limited to £ > E; (since F < Ej
would correspond to A > 1 in this case). The usual range —oo < A < 1 of an effective
black hole can thus be obtained by joining the solution e_ inside horizon with the solution
€, outside horizon.

The expressions of the electric field F, the electric displacement D = e¢F, and the charge
density p in terms of A then give

E  (1-A)
— =+
By A

(104)

5 DZEOE()(l—A), and p:eOEO {M_i_fl}’
r r

which hold for either 0 < A < 1 or A < 0. In the case of a Schwarzschild analogue black
hole, these expressions reduce to E = +Fyry,/(r —rp,) with a quadratic charge density profile
p = €oEory/r? and a linear electric displacement D = eyEyry, /v (note that p/D = 1/r in this
case). Therefore, E diverges at the horizon but remains finite everywhere else, while both D
and p are finite at the horizon but they both diverge at the center (except for A —1 ~ r=2,
which gives p = 0 everywhere). The inner solution should then be regularized near the

center. Our definite proposal to a spherically symmetric black hole analogue with radius R

is thus built with a medium whose permittivity is such that

€ EQ

— = if 1
” E+E0’1 >, (105)
€ Ey 1
— = i = 106
o E—Eo’l 5"h < T < Th, (106)
€ 1
—=1,ifr < —rp. 107
o ,r 27’h (107)

When expressed in terms of the radial coordinate r, then Eq. (I07)) gives €/¢y = | A|, where
—1 < A < 1. We can compare this result with previous similar proposals: for example, which
rely upon postulating a core absorption coefficient!3?; here, no doping is required, but only

a variable volumetric density of the medium. Moreover, as already noted3*, that was not
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a consistent solution of Einstein field equations; this latter instead deals with the cylindric
case, and proposed a non-diagonal structure for both € and p, while we treat these two

parameters both as scalars.

H. Reproducing metrics of GR through moving dielectrics

Mow let us show that the effective metric can mimic some properties of the geometry
discovered by Godel, where closed causal paths in spacetime occur.
We start with the background Minkowski geometry written in a cylindrical coordinate

system

ds* = dt* — dr* — r* dp* — dz*. (108)

The physical system we analyse consists on a variable magnetic field that induces an electric
field such that the component F°? does not vanish. For our purposes here we do not need

to specify the field further. We choose the observer that is comoving with the dielectric

medium endowed with a normalized velocity v* = ~ (1, 0, %, 0) , where v = (1 - g) s

the Lorentz factor and v = ré. It then follows that the non-null electric components E*
are BV = —% and E? = —%. The photons propagate as null geodesics in the effective

geometry, whose the non null components of the metric are

€ E

g0 =1+ (,ue—l—i—uel E) S a—— 7 (109)
€
¢ =1, (110
2 _ ' 2 EI_E 2
g =—1+(pe—1+pue E) (yv) =" (111)
: 'E
g% = (ue —1+pe E) (yv)? — 6772% (112)
¢ = 1, (113)

Let us consider a curve defined by the equations ¢t = constant, r = constant, and z =

constant. The length element of this curve is
ds’s = goo d®. (114)

This curve can be a photon path if the condition go5 = 0 is satisfied. In other words, if the

velocity of the dielectric is such that

° = (115)



Then, the photons follow along closed time-like geodesics in this effective metric. This
velocity is actually possible to be achieved by real materials, when the relative permittivity
is less than one, that is, when the electric susceptibility x, defined as € = €5 (1 + x), is
negative. An example of this is found in materials where the dielectric response of induced
dipoles is a resonant phenomenon. In this case, for frequencies above the characteristic

frequency of the material w;, the electric susceptibility is negative and the equation for the

2 2
v 9 41 Noge
i o 116
c2 € Ho <€0 mw; (w — wz)) ’ (116)

velocity becomes:

where (m, e) are the mass and charge of a free electron respectively and N is the oscillator

strength times the total number of electrons per unit volume.
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VII. NONLINEAR ELECTROMAGNETIC FIELDS

As we mentioned before, in a dielectric medium the photon paths can be described as
geodesics in an effective metric. Such result can be generalized for nonlinear electrodynam-
ics. Indeed, the electromagnetic force a photon undergoes in a nonlinear regime can be
geometrized. This is a rather unexpected result and, at the same time, a beautiful con-
sequence of the analysis of the discontinuities of inhomogeneous nonlinear electromagnetic
field. We will show how such geometrization is possible. By the same token, we will show
that this property is not restricted to spin-1 fields, but, on the contrary, it is a rather general

property of nonlinear field theories.

A. General comments on nonlinear electrodynamics

Modifications of light propagation in different vacua states have recently been a subject
of interest. Such investigation shows that, under distinct non trivial vacua (related to
several circumstances such as temperature effects, particular boundary conditions, quantum
polarization etc.), the motion of light can be viewed as electromagnetic waves propagating
through a classical dispersive medium. This medium induces modifications on the equations
of motion, which are described in terms of nonlinearities of the field. In order to apply such
a medium interpretation we consider, from the microscopic point of view, modifications of
electrodynamics due to virtual pair creation. In this case the effects can be simulated by
an effective Lagrangian which depends only on the two gauge invariants F' and G of the

electromagnetic field38:174

One of the main achievements of such investigation is the understanding that, in such
nonlinear framework, photons propagate along geodesics that are no more null in the actual
Minkowski spacetime, but in another effective geometry. Although the basic understanding

2425 __ has been

of this fact — at least for the specific case of Born-Infeld electrodynamics
known for a long time!®?, it has been scarcely noticed in the literature. Moreover, its conse-
quences were not exploited any further. In particular, we emphasize the general application
and the corresponding consequences of the method of the effective geometry outlined here.

The exam of the photon propagation beyond Maxwell electrodynamics has a rather diver-

sified history: it has been investigated in curved space-time, as a consequence of non-minimal
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49.60.145 and in nontrivial QED vacua, as an effective

coupling of electrodynamics with gravity
modification induced by quantum fluctuations®®416:17 ~ Ag a consequence of this examina-
tion some unexpected results appear. Just to point one out, we mention the possibility of
faster-than-light photons.

The general approach of all these theories is based on a gauge invariant effective action,
which takes into account modifications of Maxwell electrodynamics induced by different sorts
of processes. Such a procedure is intended to deal with the quantum vacuum as if it was
a classical medium. Another important consequence of such point of view is the possibility
to interpret all such vacua modifications—with respect to the photon propagation—as an
effective change of the spacetime metric properties. This result allows one to appeal to an
analogy with the electromagnetic wave propagation in curved spacetime due to gravitational
phenomena.

Once the modifications of the vacuum which will be dealt here do not break the gauge
invariance of the theory, the general form of the modified Lagrangian for electrodynamics

may be written as a functional of the invariants, that is,
L=L(F, G).

We will denote by Lr and L¢ the derivatives of the Lagrangian L with respect to F' and G,
respectively; and similarly for the higher order derivatives. We are particularly interested
in the derivation of the characteristic surfaces which guide the propagation of the field

discontinuities as described in the Hadamard’s method before.

B. The method of the effective geometry: one-parameter Lagrangians

In this section we will investigate the effects of nonlinearities in the equation of evolution
of electromagnetic waves. We consider in the first part to the simple class of gauge invariant
Lagrangians defined by L = L(F'). From the least action principle, we obtain the field
equation

8, (LpF™) = 0. (117)

Applying the Hadamard conditions for the discontinuity of the field equation (II7)
through > we get
Lef™ k, + 2Lpp EF™k, = 0, (118)
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where £ = F*® f,5. The consequence of such discontinuity in the cyclic identity is
fukx + furky + fauk, = 0. (119)
In order to obtain a scalar relation we contract this equation with kon® EF*, resulting in
Ek k™ + 2F“”f,}k)k‘u = 0. (120)

Let us consider the case in which & does not vanish (cf. the case £ = 0 directly in Lichnerow-
icz, 1958122). Substituting equation (I20) in (IIX)), we obtain the propagation equation for

the field discontinuities

(LF77’W — 4LFFF”O‘FQV) kuku = 0. (121)

Expression (I21]) suggests that one can interpret the self-interaction of the background
field F*, in what concerns the propagation of electromagnetic discontinuities, as if it had

induced a modification on the spacetime metric 7,,, leading to the effective geometry

g“V:LF’/]‘uV—ZlLFFF‘uaFaV. (122)

that is, ¢" k, k, = 0.

A simple inspection of this equation shows that only in the particular case of linear
Maxwell electrodynamics the discontinuity of the electromagnetic field propagates along
null paths in the Minkowski background.

The general expression of the effective geometry can be equivalently written in terms of

the vacuum expectation value of the energy-momentum tensor, which is

2 4T
Tw=—Z=5-m
V=7 67

where I' = [ d*z/=7 L is the effective action and 7, the is Minkowski metric written in

(123)

an arbitrary coordinate system. In the case of one-parameter Lagrangians, L = L(F'), we

obtain

T;w = —4Lp F;La Fow — Lf)/;wa (124>

In terms of this tensor, the effective geometry (I22)) can be rewritten as

LL L
g/u/ — <LF + FF) 7;/,1/ + LFFTMV~ (125)
F



We remark that once the modified geometry along which the photon propagates depends
upon the energy-momentum tensor distribution of the background electromagnetic field,
it is tempting to search for an analogy with the corresponding behavior of photons in a
gravitational field.

Therefore, the field discontinuities propagate along null geodesics in an effective geometry
which depends on the EM energy distribution. Let us point out that, as it is explicitly shown
from the above equation, the stress-energy distribution of the field is the actual responsible
for the deviation of the geometry from its Minkowskian form for the photons.

In order to show that the photon path is actually a geodesic curve, it is necessary to know

the inverse g" of the effective metric g,,, defined by
9" gux = 05. (126)

This calculation is simplified if we take into account the well known properties:

1
* VA A
Fi, == 1 G o, (127)
and
* * AV v 1 v
Y — F\FY = 5 F oy (128)

Thus the covariant form of the metric can be written in the form:
G = Ny + 0T, (129)

in which a and b are given in terms of the Lagrangian and its corresponding derivatives by:

b(L% +L+1T) (130)
a=—-b(— - ,
and
L .
b= 16% [(F?4G?) L3y — 16 (Lp + F Lpp)®] (131)

where T' =T is the trace of the energy-momentum tensor.

C. Two-parameter Lagrangians

In this section we will go one step further and deal with the general case in which the

effective action depends upon both invariants, that is
L=L(F, G). (132)
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The equations of motion are
0y (LpF" + LgF*") = 0. (133)

Our aim is to examine the propagation of the discontinuities in such case. Following the

same procedure as presented in the previous section one gets
[Lp f* +2AF" 4+ 2B F*"]k, =0, (134)
and contracting this expression with F',k, and F*¢,k,, respectively, yields
[fLF%—%BG} " kyk, — 2AF" o F*kk, =0 (135)

and

1
[g Lp—BF+ AG] W ky ky — 2BF” o Fky k, = 0. (136)

In these expressions we have set A = 2(§Lpp + (Lpg), B = 2(§Lpg + ( Lgg), and
(= F f1y

In order to simplify our equations it is worth defining the quantity 2 = (/. From
equations (I37) and (I36)), it follows that

Q20+ Q0+ Qs =0, (137)

with the quantities €2;, ¢ = 1,2, 3 given by

O = —LpLpg +2FLpgLag + G(Liq — L3g), (138)
Qy = (Lp +2GLpg)(Lag — Lpp) + 2F(LppLag + L), (139)
Q3 = LpLpg +2F LppLpg + G(L%g — LE). (140)

The quantity €2 is then given by the algebraic expression

_—szl:\/z

Q
20

(141)

where A = (£2,)? —49Q,Q3. Thus, in the general case we are concerned here, the photon path
is kinematically described by
9" kK, =0, (142)

where the effective metric g"” is given by
9" = Len™ — A [(Lrr + QLpg) FYAF™ + (Lpg + QL) FPAF*] . (143)
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When the Lagrangian does not depend on the invariant G, expression (I43) reduces to the

form (122).

From the general expression of the energy-momentum tensor for an electromagnetic the-

ory L = L(F, G) we have
Ty = 4L B, Foy — (L — G Lg:) Ty (144)
The scale anomaly is given by the trace
T'=4(-L+FLpr+GlLg). (145)

We can then rewrite the effective geometry in a more appealing form in terms of the energy

momentum tensor, that is,

g =Mn" + NT*, (146)

where the functions M and A are given by

1
M = LF+G(LFO+Qng) + L—(LFF+QLpg) (L—GLg), (147)
F
1
N = — (LFF + QLpg) . (148)
Lp
As a consequence of this, the Minkowskian norm of the propagation vector £, reads
"k, k, = —%T“”k‘uk‘y. (149)

D. The effective null geodesics

The geometrical relevance of the effective geometry goes beyond its immediate definition.
Indeed, as follows it will be shown that the integral curves of the vector k, (i.e., the photons
trajectories) are in fact geodesics. In order to achieve this result it will be required an
underlying Riemannian structure for the manifold associated with the effective geometry.
In other words this implies a set of Levi-Civita connection coefficients I'*,, = I'*,,, by
means of which there exists a covariant differential operator Vy (the covariant derivative in

the effective metric) such that
Vg™ = g™ A= g" A+ TV +1T7,097" = 0. (150)

From ([I50) it follows that the effective connection coefficients are completely determined

from the effective geometry by the usual Christoffel formula.

29



Contracting (I50) with k,k, yields
kuk,g" = =2k, kI 50g°". (151)
Differentiating the dispersion relation we have
2k, \kvg"" + Kk kg™ A = 0. (152)
Inserting this into the left hand side of ([I51]), we obtain
9" kuaky, = g (kux — T7 ko) by, = 0. (153)

As the propagation vector k, = ¥ , is an exact gradient one can write k,,» = ky,,. With

this identity and defining k* = ¢g"’k, equation (I53)) reads
Kk =0, (154)

which states that k, is a null geodesic vector (with respect to the effective geometry ¢g"),

namely, its integral curves are therefore null geodesics.

E. Exceptional Lagrangians

It seems worth noting that equation (I43]) contains a remarkable result: the velocities of
the photon are, in general, doubled. There are some exceptional cases, however, for which
the uniqueness of the path is guaranteed by the equations of motiont™22. Such uniqueness

occurs for those dynamics described by Lagrangian L that satisfy the condition
A =0.

The most known example of such uniqueness for the photon velocity in a nonlinear
theory is the Born-Infeld (BI) electrodynamics, which we will study in details next section.
Originally, the BI theory was an attempt to modify Maxwell’s electromagnetism that could
circumvent the self-energy divergence of the classical point-like charged particle. Hence,
one of its main motivations was to establish a consistent classical theory for the electron.
Notwithstanding, the BI theory has other interesting features that make it a distinguished
theory among non-linear electromagnetic theories: 1) excitations propagate without the

shocks, common to generic nonlinear models; 2) single characteristic surface equation, i.e.
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birefringence is absent 3) fulfills the positive energy density condition and 4) satisfies the

141 Nowadays, there has been a renewed interest in BI theories and its

duality invariance
non-abelian generalizations in connection with the theory of strings, gauge fields on D-
branes, K-essence-like models in cosmology and others. Thus, BI theory is a good prototype

of a nonlinear theory with desirable physical properties.

F. The special case of Born-Infeld dynamics

Let us pause for a while in order to analyze the BI theory closely. Then, we start with

the BI Lagrangian in the form

L=g (1 - Jﬁ) , (155)

where
F G?
U=1+ — — .
o3 T 1658

Note that the addition of a constant term in the lagrangian has the purpose to make the

energy-momentum tensor of the point-charge field goes to zero in the spatial infinity. In
a cosmological scenario it can be interpreted as a kind of cosmological constant. However,
here it plays no role whatsoever and can be omitted at will.

Born and Infeld had shown that such nonlinear dynamics may be written in terms of the

determinant of an object that has no symmetry C,, constructed as
Ciw =N + Flu.

Indeed they showed that the Lagrangian takes the form L ~ det [C*,].

We shall see that using the effective metric obtained through the path of photons in this
theory it is possible to describe the same Lagrangian using a symmetric tensor that appears
naturally in the causal structure of this theory. We have shown that the causal structure
represented by the effective metric of a given non-linear theory depends on the dynamics of
the field and non the other way round. However we could ask if there exists a particular
theory such that its dynamics is given as a functional of its effective geometry. We shall see
that BI is precisely such theory.

In the case of the BI theory all quantities €2;, ¢ = 1,2,3 vanish identically. Hence, in
this situation we cannot obtain the effective geometry from equation (I43). In this very

exceptional case we have to return to the original equation (I35). The most direct way to
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prove this is to to try to solve the following problem. Given an arbitrary Lagrangian of the
form

L=L(FGQ) (156)

Its corresponding effective geometry (that controls the path of its discontinuities) in the BI

particular case takes the form

1 F
wo__ 2 % “w Av
= + — + FH\F 157
Its inverse is
1
G =4VU {mw ~ EX FM} (158)

This correspond to a unique characteristic equation which does not show birefringence—this
was obtained by Plebanski*®® for the first time. From the Cayley-Hamilton formula for
A =ntog,, =1 —(1/8%) F*, F*,, we find the unexpected result that the lagrangian can
be written in terms of the determinant of the metric that drives the propagation of the
discontinuities:

det A = U2 (159)

Using this expression we can rewrite BI Lagrangian in the form in which only the determinant

of the effective metric appears:

ool

Lon = 5% 1= 5 (@etlg ) (160)

We can then state the following equivalent form of Bl dynamics that exhibits a very curious
phenomenon of self-consistency in action: the Bl dynamics of the electromagnetic field is
obtained by a variation of the effective metric that extremizes its determinant. This geometry
1s related to the causal structure of the theory.

Let us now combine this non-linear electrodynamics to gravity within the description of

general relativity. From the expression of the determinant, we can write

1 [e%
det <55—EF'“QF 1/) :U2 (161)
or equivalently,
1
det (5,‘,‘ + 3 F”,,) =U. (162)

In general the energy-momentum tensor for the nonlinear electrodynamics has the form
Ty =—4Lp F,*Fo, + (GLec— L) g, (163)
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where the index b in the metric tensor makes reference to the background geometry. For the

BI case we find

1 o G?
Tul/ = ﬁFu Fau‘l’ (W _52_‘_62\/6) gZV (164)
We can thus write
el \/7 F 2 2 \/_ b
FEF, =vUT,, — §+B —-B8°VU | g, (165)
Note that the trace is given by
—F G? 9 9
=ﬁ+452\/ﬁ—4ﬁ + 48U (166)
consequently the effective metric reduces to
4U 1
G = 3 (—TW +57 gfw) (167)
from the equations of GR it becomes
4U
G = ﬁRW' (168)

We summarize this result in the following

Lemma 5 Let us combine the BI nonlinear theory minimally coupled to the gravitational
field obeying the equations of GR. Let l,, be a null vector for the background metric and k,, the
propagating vector for the discontinuities of the non-linear electrodynamics. We have shown
that linear photons follows null geodesics in the background geometry gfw and the non-linear

photons follow geodesics in the effective geometry g .

Thus for the linear photons the propagation vector [ satisfies the condition gfw MY =0
and the BI photons obey Ri’w 1" = 0, where Ri’w is the Ricci tensor of the background
geometry. This expression shows an unexpected relationship between the effective metric

and the curvature of the background metric.

G. Special Riemannian geometries

In this review we deal with many different kinds of geometry that belong to a specific

binomial structure. This form of geometry is typical of the effective geometry that controls
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the propagation of waves in non-linear field theories. However it appears in many other
situations and it is much more general as we shall see.
Let g, be the Riemannian metric of space-time. We construct an associated geometry
through the definition
7" =ag"” + b, (169)
We require that the inverse metric g, defined by ¢" ¢, = 6% must have the same binomial

form, that is

QG = A G + B (170)

Although parameters a and b are completely arbitrary, the associated ones A and B are
given in terms of a and b.

Thus, the tensor ¢* which is constructed in terms of other fields - scalar, vector, for

instance - must satisfy the condition
G 0 =m0, +n ), (171)
We will analyze in these notes some examples like

e Scalar field: where ¢, = 0,900,¢0, m =0 and n = w = 9,pd*p.
e Electromagnetic field: where ¢, = F,*F,,, m = (1/16)G* and n = —F/2.

e Spinor fields: ¢, is given by a combination between the vector J* and axial I*

currents.

H. Some remarkable consequences: Closed null-like paths

The effective metric method to describe propagation of photons by modification of the
underlying metric can be used to mimic unusual solutions of the equations of GR. A particu-
lar situation concerns the rotating universe proposed by Godel that contains closed time-like
paths, as we discussed before. We shall show the possibility of the existence of closed paths
for photons in space-time.

The physical system we will analyze consists of a charged wire running through a solenoid.

The flat Minkowskian background geometry is written in a (¢, 7, ¢, 2) coordinate system as
ds® = dt* — dr* — r* dp® — dz*. (172)
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The non-null components of the Maxwell tensor F*”, compatible with the symmetry prop-
erties of the system are: F'' = E(r) and F''? = B(r). In this case the equation of motion

of the system reduces to

rLp F' = Q, (173)
rLp F'? = p, (174)

where () and p are constants that determine the charge density of the wire and the current
carried through the solenoid respectively. We are interested in the analysis of the propagation
of electromagnetic waves in the region inside the solenoid. Following our previous treatment
we can assert that the photons propagate as if the metric structure of space-time was changed
into an effective Riemannian geometry. From Eq. (I43) we obtain the following components

of the effective metric

¢ =1—yE? (175)
g = —1 - (B*r* — E?), (176)
¢ =y EB, (177)
9?2 =- (;2 + 1 32) : (178)
g¥ =1, (179)

where W =4 % The photon paths are null geodesics in this effective geometry. Consider
F

a curve defined by the equations ¢t = const., r = const., and z = const. The length element

of this curve is given by

dsgff = oo d?. (180)

This curve can become a photon path if there is a radius r = r, such that gss(r.) = 0. In

terms of the contravariant components of the effective metric listed above this condition

results
(1—-VE?) =0. (181)
The solution for this equation is
2Q (Lpr\""”
re = L_Ci (LL;) (182)
which implies that
L
LL; > 0. (183)
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In order to present a simple example which exhibits closed curves, we work with a Bl-like

L:%2< 1-%-1). (184)

Note that although highly speculative, this Lagrangian has the Maxwell limit for weak fields

Lagrangian

(F < (?). Tt also has an interesting property in the situation we are examining. Substituting
the Lagrangian (I84)) into equation (II]) we find that the magnetic field in this case takes
the large value B = B/\/§

Other nonlinear Lagrangians such as the Heisenberg-FEuler Lagrangian for QED, cannot
be analyzed with the formalism presented here since they depend on both invariants F and
G. The real interest in this phenomenon is that it might be possible to be observed in
the laboratory. This possibility rests in the analogy between the propagation of photons
described by nonlinear Lagrangians in vacuum and that of photons described by Maxwell’s
theory in the presence of a dielectrici4!

It has been known from more than half a century that gravitational processes allow the
existence of closed paths in space-time. This led to the belief that this strange situation
occurs uniquely under the effect of gravity. In the above example we have shown that
this is not the case. Indeed, photons can follow closed curves (CC’s) in space-time due to
electromagnetic forces in a nonlinear regime. In the limiting case in which the nonlinearities
are neglected, the presence of CC’s is no more possible. Thus we can state that this property
depends crucially on the nonlinearity of the electromagnetic processes and it does not exist
in Maxwell’s theory. In other words, the existence of closed paths in space-time is not an
exclusive property of the gravitational interaction: it appears also in pure electromagnetic
processes, depending on the nonlinearities of the background field. The existence of such
paths in both gravitational and electromagnetic processes asks for a deep review of the

causal structure as displayed by the geodesics of the photons.

I. Analogue model for Kasner Cosmology

Inside material media electrodynamics are described by nonlinear equations. Indeed, in
such situations Maxwell equations must be supplemented with constitutive relations which,

in general, are nonlinear and depend on the physical properties of the medium under the
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action of external fields. As a consequence, several effects (non usual in the context of linear
Maxwell theory) are predicted. Of actual interest is the phenomenon of artificial birefrin-
gence: when an external field is applied in a medium with nonlinear dielectric properties,
an artificial optical axis may appeard® 48.50-52,114,165

Analogue models have been proposed in several branches of physics. It deals with

10,66,73,93,102,121,128,179,181 37,118,119,148,159,162,169,180 9,26,79,103,120,182,183

acoustics , optics among others
with experimental verification including quantum effects!:20:156.173,187.192 " qogpite of contrary
claims!#. These are only representative references; a complete review can be found in Barcelé
et al (2011)1L.

Particularly, nonlinear electrodynamics has been considered as a possible scenario to
construct analogue models for GR, either in the context of nonlinear Lagrangian or nonlinear
material media. As an example, let us show that homogeneous dielectric media at rest with
the dielectric coefficients 5“V(E) and constant p, in the limit of geometrical optics, can be
used to construct an analogue model for Kasner cosmology. In order to avoid ambiguities
with the wave velocity, dispersive effects were neglected by considering only monochromatic
waves. It is shown that naturally uniaxial media presenting nonlinear dielectric properties
can be operated by external fields in such way to induce anisotropy in the optical metric.

Recently the effective geometry for light rays in local anisotropic dielectric media was

obtained®}, which can be presented in the symmetrized form:

1 1 1
B _ VeVt L Z oV, — ces) _ Zole cwvb) 185
g:l: IUOZ + 2 |i v M(U$>2:| 2 v Y ( )
where
Oc® 1 0e®
Ca'r = 5ar + an p ;a—BfT]pXYTEBK)\V-Y (186)

and the phase velocities vi are

3 1
U;E:\/%(H:,/H%), (187)

with w = K“V,, identified as the frequency of the electromagnetic wave and the coefficients

«, [/ and 7 given by

1
a= 6 [(Cuﬁg_ 3Cuucaﬁcﬁa+ 26’0‘606“/07&} ) (188)
Bt (CRC™ = C*C™) G, (189)
fyiu_2CA”Z]\Aqu. (190)
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In the last two equations (I89HIO0) we introduced the 3-dimensional projection of the wave
vector K as ¢* = hy K" = K* —wV*™.

The symmetric tensors g/ represent the optical metrics (also known as effective geome-
tries) associated with the wave propagation, and the symbol 4 indicates the possible distinct
metrics, one for each polarization mode. Correspondingly to it Eq. (I87) expresses the fact
that, in general, the phase velocity of the electromagnetic waves inside a material medium
may get two possible values (v; , Uy ) which are associated with the two possible polarization
modes?®. For the particular case of Maxwell linear theory in vacuum, both metrics g4 and

* reduce to the Minkowski metric n*¥, as expected.

9

Now, let us consider a naturally uniaxial medium reacting nonlinearly when subjected to
an external electric field as %3 = diag0,¢(E), e (F), e (£)]. In this case, e%5 = e*3(F)
and by setting E in the z-direction (optical axis) we obtain C*s = diag(0,¢) + Ec":‘h,é’:‘l, £1),

where 5T| = de|/dE. For this particular case C°? is a symmetric tensor. The phase velocities

reduce to
1
= 191
W) = —, (191)
1
-2 _ - 1_/\2 C1A2. 192
(v e CL [eL(1=3%) +Cha?] (192)

Note that v, depends on the direction of propagation, as it should be expected for the
extraordinary ray. The two velocities coincide when either the propagation occurs along the
direction of the electric field (¢;* = 1), or when the no-birefringence condition ) + Eej =0

holds®!.

Let us also particularize to the model where
el =€, —3pE* and ¢ =¢ —sE” (193)

where s and p are constants. Thus, C%s = diag(0, ¢j — 3sE?, e, — 3pE? e, — 3pE?).

For the ordinary ray the optical metric coefficients are

9 = pa (194)
gfﬁ = —€eL + 3(8@_ —l—p€||)E2 — 98pE4 (195)

where
o = —27sp*E° + 9p(pe| + 2se1 ) E* — 3¢, (se1 + 2pe))E* + €€ . (196)
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Equations (I94HI95) show that for the ordinary ray there will be no anisotropy in the space
section.

For the extraordinary ray the optical metric coefficients are

g% = pa (197)
gil = —(X — 6” -+ 3SE2)(€|| — 33E2> (198)
9% = g% = —(x —eL +3pE*)(ey — 3pE?) (199)

where y depends on the direction on wave propagation as

(¢ — 3sE?)(eL — 3pE?) ) ,
S T BB -0 1 (g 8B | (17 ) eI (200)

Equations (I97HI99) show that for the extraordinary ray there will be anisotropy in the
space section (gl! # ¢* = ¢3).

Before closing this section we note that when the propagation occurs in the direction
of the optical axes it follows x |, = (¢ — 3sE?) + (e, — 3pE?) and g!! = ¢** = ¢% =
—(ey — 3sE?)(e, — 3pE?). By the other hand, when the propagation occurs perpendicularly
to the optical axes it follows x |.»_ = 2(eL — 3pE?) and g!' # ¢** = g%

Using results presented in the literature describing the propagation of monochromatic
electromagnetic waves inside naturally anisotropic material media with nonlinear dielectric
properties an analogue model for general relativity presenting anisotropy in the space section
has been constructed. Thus light propagation in local anisotropic media can be used as a

tool for testing kinematic aspects of Kasner cosmological model in laboratory.

VIII. REPRODUCING METRICS OF GR THROUGH SCALAR FIELDS

The phenomenon of induced metric that we have been analyzed for electrodynamics is
rather general and may occurs for any nonlinear theory independently of its spin properties.
In this section we consider the case of a non linear scalar field. We will show that a class
of theories that have been analyzed in the literature, having regular configuration in the
Minkowski space-time background is such that the field propagates like free waves in an ef-
fective de Sitter geometry. The observation of these waves would led us to infer, erroneously,

that we live in a de Sitter universe.
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A. The kinematical analogy

Let us give a simple example. Consider a scalar field ¢ propagating in a flat space-time

whose dynamics is provided by the non-linear Lagrangian
L = L(w),

where w = 0, 0, n"" is the canonical kinematic term. The equation of motion for ¢ reads

9, (Lw 8,¢ nﬂ”) —0, (201)

where L,, denotes the first derivative of L with respect to w. By expanding the left hand

side we obtain the explicit form
L,O0¢ + 2L,,,0" 0" ©0,0,¢ = 0, (202)

with O = 7*70,0,. This constitutes a quasi-linear second order partial differential equation
for ¢. We are interested in evaluating the characteristic surfaces of wave propagation in
this theory. The most direct and elegant way to pursue this goal is to use the Hadamard
formalism discussed in Sec. [VIA].

Let X be a surface of discontinuity of the scalar field ¢. The field ¢ and its first derivative

O, are continuous across X, while the second derivative presents a discontinuity:

[0l =0, [Ouply =0, and [0,0,¢]y = k. k&(2), (203)

where k,, = 0,3 is the propagation vector and £(z) the amplitude of the discontinuity. From
the above conditions we obtain that both L, and L., are continuous functions across X.
Using these discontinuity properties in the equation of motion (202) it follows that only the

second order derivative terms contribute. We obtain the relation
Ly 040,65, + 2 Ly 0" 00" ¢ [0,0,]5, = 0. (204)
Thus, using Hadamard conditions it follows
k. k, (Lwn”” + 2wa0“<p0”<p> = 0.
This equation suggests the introduction of the effective metric defined by
g = Lyn™ + 2L, 0" 00" p. (205)
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Thus there are two distinct metrics in this framework: the Minkowskian n** that enters in
the dynamics of the field ¢ and the effective metric g"” that controls the propagation of the
waves. Note that, once the vector of discontinuity k, is a gradient, discontinuities of the

field ¢ propagate through null geodesics in the effective metric g, i.e.

/g/wka;uku = Oa (206)

(132

where “;” stands here for the covariant derivative evaluated with the effective metric. The

inverse g, of (200]) is obtained through the condition §#*g,, = % :

~ 1 2wa
I = (Lo + 2w L

] 00 p. (207)

We remind that the determinant of a mixed tensor T = T may be expressed in terms
of traces of its powers as we exhibited in the first section as an immediate consequence of
the Cayley-Hamilton theorem. Applying this formula to evaluate the determinant of the
effective metric (205]) one obtains, after a straightforward calculation

I —-1/2
V—g=1L (1 +2ﬂw) , (208)

Ly

Note that, the square-root of the determinant is real only if the condition
142w Lyy/Ly >0 (209)

is satisfied. This is the same as to guarantee the hyperbolicity of the equations of motion and
henceforth the existence of waves. Nevertheless, we remark that the effective metric that
controls the propagation of these waves is not unique and is determined up to a conformal
factor. However, as it occurs in typical nonlinear theory, the dynamics is not conformal-
invariant.

Since the scalar field “see” the effective geometry one can ask for nonlinear Lagrangians
leading to a given effective geometry in a fixed background. To this end one proceeds by
choosing a Lagrangian, determining the corresponding effective geometry and solving the
Euler-Lagrange equations for ¢. Unfortunately, since the effective metric depends on the
field, such an approach is often intractable. A convenient means to simplify the problem is
to choose L., + 2wL,,,, this allows to partly control the interplay between the Lagrangian

and the effective geometry (207)). Let us examine the simplest case where L,, + 2w Ly, =
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1 = 1 which we use hereafter. This choice obviously simplify (207). This equation can be
straightforwardly integrated to yield

L=w+2\/w+ C, (210)

where A is a non-zero c-number and C' a constant with respect to w, in particular one can
set C'= —V (). This case is worth of considering in particular because of the properties it
provides for the effective metric, but besides this it can be understood as a perturbation of
the standard linear theory. Just to present a toy model that corresponds to a specific “fake

inflation” we will restrict the case in which the potential take the form™

2H 6_%“0
V(p) = —Ne x¥ (1 + ) : (211)

B. Effective FRW metric in a Minkowskian background

We consider the background metric as the Minkowski metric 7, in Cartesian coordinates
and a field ¢ depending only on time ¢ = ¢(¢) and satisfying the Lagrangian (2I0). The
effective metric g"” felt by ¢ is a spatially flat FRW metric:

ds* = dt* — a®(t) (dr® + r*dQ?). (212)

Since ¢ do not depends on spatial coordinates the Euler-Lagrange equations reduce simply

to:

. . 16V
(p(Lw + 2(90)2wa) = _§%a

where a dot means a derivative with respect to the time. Now, the effective invariant length

element reads

1
ds? = G dotda’ = di* — — (ar® +r2a0?). (213)

w

Note that 2L, = 1 — L,, leads to g;; = 1. Let us set the expansion factor on the effective
FRW geometry to an inflationary form: a(t) = ef’', H being a real positive parameter. For

that choice the equation a(t)? = 1/L,, leads to

A

Since y/w is positive A must be negative. Assuming ¢ < 0 (calculations for ¢ > 0 are

analogous) the above equation can be integrated to :

A In(e*™ — 1) + K, (215)

Y=o
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where K is a constant, which we set equal to zero. Solving (2I5]) for ¢ allows to obtain
precisely the form exhibited in equation (2IT]) of the potential. In other words, observation
of the effective geometry g, would led us to believe, erroneously, that we are in a de Sitter
geometry. Although it is a toy model!#, a similar situation can occur for other nonlinear
theories.

We note that the covariant metric tensor of the effective metric defined by the relation
Guwg” = 5;), is given by

1 2L

g,uy — L—wg,uu - Lw (Lw ‘l‘ 2wwa)

Vo Vg (216)

A straightforward calculation shows that the evaluation of the determinant of the effective
metric yields

det g = L3 (L + 2w Lyyy) - (217)

It then follows that the unique theory that can be written in terms of its associated effective

metric is the one provided by the Bl-like form
Lsz—\/bw+e, (218)

where b and e are constants.

The energy density and pressure of the effective fluid description for the BI dynamics

(from Eq. 2I8))
p=e/VbW +e, p=—VbW +e (219)

are such that the equation of state takes a very simple form

p=—= (220)

; .

A fluid with the above equation of state is known as Chaplygin gas'®.

IX. THE METHOD OF THE DYNAMICAL BRIDGE

Linear Maxwell theory and Born-Infeld electrodynamics are distinct theories. Not only
they describe configurations that are not similar, they provide different answers for a same
problem. Although such trivial statement seems obvious, it is possible to bypass its con-

strains and define a framework that exhibits a dynamical equivalence of these two theories.
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How is it possible? The dynamical bridge consists precisely in a scheme in which such sim-
ilarity is present. The key point to understand such proposal is related to the distinction of
the background space-time structure. We shall see that it is possible to map the dynamical
properties of Maxwell theory written in a Minkowski space-time into the Born-Infeld electro-
dynamics described in a curved space-time, which is defined in terms of the electromagnetic
field itself. It is clear that when considered in whatever unique metrical structure these two
theories are not the same, they do not describe the same phenomena. However we shall see
that by a convenient modification of the metric of the background structure an unexpected
equivalence appears that establishes a bridge between these two theories making they rep-
resent the same situation. In other words we shall prove that a given dynamics described
in a space-time can be mapped in another theory in a modified metric structure. We shall
prove this for different kinds of fields, e.g., scalar, vector and spinors.

The main difference between the method of the equivalent metric and the one used in
GR concerns the uniqueness of the geometry. In the latter, due to the universality of the
metric, the gravitational field should also be described in the same and unique geometry
once the gravitational field is identified with this geometry. Let us now describe a distinct
situation in the equivalent DM and show how it is possible to represent the dynamics of the
scalar field in terms of the associated DM. To clarify our description we compare it with the

procedure used in GR.

A. Exceptional dynamics

d*®2 This was

In recent years, intense activity on analogue gravity has been develope
concentrated in nonlinear electrodynamics, acoustics, hydrodynamics, optics inside media
and various condensed matter systems. This term (analogue gravity) implies the description
of distinct physical processes as modifications of the geometrical structure of the background
space-time. Until now this analogy had been limited to perturbed aspects restricting it to the
propagation of excitations (photons and quasi-particles) through a medium or a background
field configuration. However it is possible to go one step ahead and provide an example
which goes beyond this limitation describing dynamical features of fields in terms of their
respective effective metrict43.

We will analyze this in two steps. In the first moment we will deal with the effective
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metric that was used to represent the propagation of the discontinuities. This special case
is not very general and that is the reason to call the dynamics that are examples of this
method as exceptional. In a second stage we will deal with a far reaching structure that
concerns the complete equivalence without a stringent limitation of the dynamics. In other
words, we would like to stress that in this general case the dynamical aspect has nothing to
do with mimicking Einstein’s equations through effective metrics as we did before.

The main steps to achieve this result are the following:
e Consider a nonlinear field theory described in a flat Minkowski background;

e Note that the propagation of the discontinuities of the field leads to the raising of a
second metric g"” such that the path of the waves are null geodesics in this effective

geometry;

e There exists a special class of theories such that its corresponding dynamics (which we
will deserve the name exceptional) can be described alternatively as the gravitational

interaction of the field in a given curved geometry;
e The geometry of such gravitational space-time is precisely the effective metric g*”.

Thus it is possible to claim that the self-interaction described by exceptional dynamics is
described in an equivalent way as the gravitational interaction of the field with its own
effective metric. For pedagogical reasons we start our analysis with the simplest case of non
linear scalar fields. Generalization to other cases will be described later on.

Let us note that the discontinuities of the field propagate in a curved space-time, although
the field ¢ is described by a non-linear theory in Minkowski geometry243.

In the framework of GR it is the presence of gravity that allows the existence of curvature
in the geometry. This has led to the interpretation of the dispersion relation of non-linear
fields in terms of an effective metric as nothing but the simplification of its description, that
is, a matter of language.

At this point we face the following question: is it possible that among all non-linear
theories one can select a special class such that the dynamics of the field itself is described
in terms of the effective metric? That is, can the dynamics of the field be unified with the
propagation of its waves such that just one metric appears? Let us emphasize that this is

not equivalent to the known property — that occurs in hydrodynamics (and also in field
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theory) — that the characteristic propagation of the field coincides with the propagation of
its perturbations.

If such quality is possible, then the equation of evolution of ¢ is equivalent to a sort of
gravitational interaction between ¢ and its effective metric. This means that the equation
of motion (201]) can be written under the equivalent form

—~ 1 — N
Oy s 8u<\/—gayg0g‘“’> — 0. (221)

Iy

In general it is not possible to rewrite the nonlinear equation (201) in the above form for an
arbitrary lagrangian. However, we will show that there exist some special situations where

this implementation becomes feasible. We first note the following relation
0, 09" = (Lyy + 2w L1y ) 0yont™” . (222)

It then follows that the dynamics described by (201]) and (22I)) will be the same, provided

the Lagrangian satisfies the condition

Lo = /—3(Lu + 2wLyy). (223)

Using the expression for the determinant (208]) the equivalence is provided by the nonlinear

differential equation for the lagrangian
2W Ly + Ly — L2 = 0. (224)

We will call the system described by Lagrangians that satisfies condition (224)) as Exceptional
Dynamics. In other words, non-linear systems described by exceptional dynamics may be
alternatively interpreted as fields gravitationally coupled to its own effective geometry. Thus
the field and the corresponding waves agree in the interpretation that the geometry of the
space-time is given by g,
Equation (224]) is such that the first derivative of the lagrangian with respect to w may
be obtained explicitly. Indeed, one obtains that
Lyt (225)
(1 — A w?)a
where \ is an arbitrary real positive constant. The general solution of equation (224]) may

be obtained as an infinite series given by the hypergeometric function

L(w) = £w hypergeom (E %} , E} ,Aw2) . (226)
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We note that this dynamics is such that the admissible values of w are restricted to the
domain w? < X. Thus, the theory naturally avoids arbitrarily large values of the kinematical
term. Second, the lagrangian is a monotonic function of w as an immediate consequence of
equation (228)). Third, it admits the linear theory as a limiting case for small values of w.
Lastly, the resulting function is odd, i.e., L(w) = —L(—w).

It is instructive to expand the exceptional lagrangian to obtain a clear idea of its behavior

in terms of A, obtaining

2 1 3
L(w) =w+ iw?’—i- )\—w5+ oA

7 9
B 5 296 w' + Olx] (227)

For small values of the constant (A < 1) the exceptional lagrangian reduces to a cubic
expression. We can arrive at this result assuming from the beginning a lagrangian in the
vicinity of the linear theory of the form L(w) = w + ef(w) with €® < € and solving the
simplified equation w fy, — 2f, = 0. The linear theory is obviously recovered when A = 0,
implying that both the discontinuities and the field dynamics are represented in the same

effective metric structure, that is, n*.

Then, we have examined the case in which a self-interacting scalar field generates a
geometrical arena for its own propagation. A simple extension can be elaborated in such a
way that the original theory, describing the dynamics of the scalar field in a flat Minkowski
arena can be alternatively described as the gravitational interaction of the field. Then a non-
expected result appeared: the metric field that describes this gravitational effect is nothing
but the same effective metric that controls the wave propagation. In other words both the
propagation of the field discontinuities and the field dynamics are controlled by the same
metric structure. The nonlinearities are such that the equations in Minkowski space-time
mimic the dynamics of a “free-field” embedded in a curved space-time generated by the field
itself.

Let us summarize the novelty of such analysis:

e For any field theory described on a Minkowski background by a non-linear Lagrangian

L = L(w) the discontinuity of ¢ propagates as null geodesics in an effective metric

9"
e As such, the theory presents a duplicity of metrics: the field is described in flat
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Minkowski space-time and its corresponding waves propagate as null geodesics in a

curved geometry;

e [t is possible to unify the description of the dynamics of ¢ in such a way that only
one metric appears. This is possible for those Lagrangians that represent exceptional

dynamics;

e In this case, the self-interaction of ¢ is described equivalently as if it was interacting
minimally with its own effective geometry, allowing the interpretation in terms of an

emergent gravitational phenomenon.

The structure of the nonlinear equations of motion suggests that the previous procedure
can be adapted to other structures like nonlinear electrodynamics in a moving dielectric,

vector and tensor field theories.

B. Dynamical bridge: the case of scalar fields

In the precedent sections we have displayed the possibility of using the modification of
the geometry of space-time to describe paths of accelerated particles, massive or not, in flat
or curved backgrounds. These proposals are generically called analogue models of gravity,
once they use the main idea of GR to map accelerated bodies in a given metric structure
into geodesics of a curved geometry. In the next sections we enter in a distinct analysis
once we will deal not with forces in a given body but we will consider how different fields
obeying a given nonlinear equation of motion can be described in terms of modifications
of the background geometry generated by themselves. We emphasize that this is not a
gravitational framework, as we shall see.

We start by showing how a metric g, naturally appears in nonlinear scalar field theories.

Let us set the following nonlinear Lagrangian in flat Minkowski space-time:
L=V(®)w, (228)

where w = n*0,® 0,®. For V = 1/2 this is just the standard free massless Klein-Gordon
scalar field. In the general case, the usual kinetic term is re-scaled by a field dependent

amplitude (potential) V(®). Here we are using n** but we could have used an arbitrary
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coordinate system as well, since the theory is generally covariant and there is no privileged

reference frame. The field equation is

1 1V
e — — Hy _ — =
\/—_778“ (v=nn" 8,®) 5 w=0 (229)

where V' = dV/d® and 7 is the determinant of 7,

Now comes a remarkable result: the above field equation (229) can be seen as a massless
Klein-Gordon field propagating in a curved space-time whose geometry is governed by ®
itself. In other words, the same dynamics can be written either in a Minkowski background or

in another geometry constructed in terms of the scalar field. Following the steps established

previously*#2, we introduce the contra-variant metric tensor ¢" by the binomial formula
¢ =an + p 0P 0P, (230)
w

where 0'® = n* 9,® and o and [ are dimensionless functions of ®. The corresponding

covariant expression, defined as the inverse g, ¢ = 5;), is also a binomial expression:

1 B
B =7 Tl ala+ pfw

Now we ask whether it is possible to find « and [, in such a way that the dynamics of

the field ([229) takes the form

8,9 9, 9. (231)

0 =0, (232)

where [ is the Laplace-Beltrami operator relative to the metric ¢, that is
1
——0,(v—q¢" 0,P).

To answer this question we evaluate the determinant ¢ of the metric g, , for which a direct

Oé =

calculation yields
J=g=—Y_1 (233)
av/a(a+ )
Using the fact that ¢"*0,® = (a+ 5)n*0,®P, the final result is summarized in the following:
Lemma 6 Given the Lagrangian L = V(®)w with an arbitrary potential V(®), the field
theory satisfying Eq. (224) in Minkowski spacetime is equivalent to a massless Klein-Gordon

field O® = 0 in the metric ¢"* provided that the functions o(®) and S(P) satisfy the condition
a+B8=aV. (234)

Remarkably, this equivalence is valid for any dynamics described in the Minkowski
background by the Lagrangian L. This fact can be extended to other kinds of nonlinear

Lagrangian®!.
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C. Dynamical bridge: The case of electromagnetic field

Recently, it was shown that the Born-Infeld dynamics in a curved space-time endowed
with an associated metric €, is dynamically equivalent to the linear Maxwell electrodynam-
ics described in a flat Minkowski background42. Namely, there is a map relating these two
dynamics in such a way that they are distinct representations of one and the same physics.
It means that any solution of the former will also be a solution of the latter, which is given
in terms of a preestablished map. This task is highly nontrivial and becomes possible only
if the space-time metric depends explicitly on the electromagnetic field. Due to the alge-

braic structure of the electromagnetic tensor F,, and its dual *F),,, there are some closure

e
relations that allow the existence of this map, generating a connection between those two
paradigmatic theories. The apparent disadvantage is to leave aside the simple Minkowski
background 7, and to go to a specific curved space-time €, which is constructed solely
in terms of the background metric and the electromagnetic fields. In principle, one could
suspect that this map is useless because it links a very simple electromagnetic theory in

137 it was

flat space to a nonlinear theory in a curved space-time. Notwithstanding, recently
shown that physical principles can guide us in the choice of the more appropriate represen-
tation to describe the system under consideration.

To describe a physical theory one has to specify not only the lagrangian that contains the
dynamics of the fields but also the space-time structure where the theory is defined. To avoid
notational cumbersomeness, we shall denote every object in the curved space-time defined
by the metric g, with an upper hat. Thus, in Maxwell’s theory, every tensor is raised and
lowered by the Minkowski metric 7, while in the curved space-time representation, where
we will construct the Born-Infeld theory, shall be raised and lowered using the €, metric.

Let us begin with Maxwell’s theory in Minkowski metric 7,, is determined by the La-
grangian L = —%. We set F*" = F,g7"*y"% and F = F,,, F,57"*y"?. Born-Infeld theory
described in the curved metric e, is determined by the Lagrangian L= 32 <1 — \/ﬁ >,

where we thus have

with

P = Fge e, F=F,Fyee?, and G=YLy"?F, F,=F"F,.
VvV —€




The dynamical equation for the electromagnetic field in the Born-Infeld theory is

NN 1 o~
(P — —G*F™ )| =
0[5 (P - g6 P | -0

where € is the determinant of the electromagnetic metric €, which is defined as

(235)

e =an + b0, (236)
and @, = F,, F'*,. Due to the algebraic relations of the Faraday tensor (3)-(@]), there is a

unique way to define the electromagnetic metric where a and b are functions of the Lorentz
invariants F' and G and ®* = FHFYF, Y.

The term electromagnetic metric is justified by the fact that €,, depends only on the
electromagnetic field. Note the very convenient property that the inverse of the above

structure, which in general is given by an infinite series but in the present case is again a

binomial quantity, also as a consequence of Egs. ([3])-(@), that is

/é,uu = Anuu +B ¢,uu7 (237>

where A = (2 —nF)(2aQ)™!, B = —n(aQ)™! and we are using the definitions n = b/a and
Q=1-(1/2)nF — (1/16)n*G>.

The definition of #* and the choice of the metric €,,, implies that these fields are related
through the expression

ZZV p—nlyq ——2—an T

P o ) (238)
* v n N »

. _ q P Fu

2 2
Wherep:1+n—1—6G—andq:1—%lE.

We can interpret Eq. (238)) as nothing but a map from ( F

F,,, Fy,) into (F,, Fr,). Substi-
tuting this equation in Eq. (235) and making the requirement that Born-Infeld dynamics in

the €, corresponds to the Maxwell dynamics in flat Minkowski space-time, we obtain the

following equations for the coefficient of the electromagnetic metric42

G _ . Q
P nFq—i—qu —
~ (239)
—an+2—ﬁg =0



The new invariants, for instance, reads

(F? +G?% (1—%)], and G = a’QG.

~ n
F=d|F- )
At this stage, the mapping of the two dynamical systems sum up to make the identification
term by term in both equations. In other words, choosing appropriately the unknown
function of the EM metric (236]), Mazwell’s equation in Minkowski geometry and Born-Infeld
in this curved space-time €, describes one and the same dynamics for the electromagnetic
field. Our task consists in a direct comparison of the Maxwell equations in the background
N with Born-Infeld dynamics in the background e,,.

Equating terms proportional to F*” and to *F* we find the following conditions to be

fulfilled in order to obtain the equality of the dynamics

22
2;22 = —ng (240)
p—nql = g (241)

In the above equations we are considering a and n as the unknown functions and () and U as
functions of the formers. Having two equations and two unknown, one can solve to find the
two functions, hence, the metric (236). However, using equation (240), it follows immediately
that equation (241)) trivialize to 1 = 1, i.e. if (240 is satisfied then (241]) is also immediately
satisfied. Thus the proof of equivalence of both dynamics (Maxwell in Minkowski space-time
and Born-Infeld in € metric) reduces to state that a and n satisfy the constraint (240). Note
that the Bianchi identities in the electromagnetic metric €, is identically satisfied. Thus
we have shown that there exist a complete equivalence between the two representations,
i.e., Born-Infeld theory represented in the space-time with electromagnetic metric €, is
equivalent dynamically to Maxwell’s theory in Minkowski background. We would like to
emphasize that although the two metrical structures are different, we are dealing with two
representations of the same and unique dynamical process.

Beside the freedom in one of the functions that define the metric €,,, which seems to be
related to the conformal invariance of Maxwell’s equations, there are still some conditions
that constrict these functions. A straightforward calculation using the Cayley-Hamilton
theorem (see the first section) shows that the determinant of the metric ([237) is v—¢ =
a2Q~'\/=7. Therefore, Q that is a function of n has to be positive definite, i.e. Q > 0.
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In addition, we want the map to be for any solution of Maxwell’s equations, hence for any

value of the two invariants ' and G. Let us investigate some particular regimes.

i) case F' = 0: In this case, equation (240]) demands that n < 0. Furthermore, by its own
definition n = —%\/1 — (), which restrict () to the domain 0 < @) < 1.

ii) case G = 0: the relation between n and @ now gives n = 2 (1 — Q). In addition, from

Eq. ([240) we can solve for the function a as

_ 8.2
ClQIVF

Since a is a real function, we have

(@ —1). (242)

a

F>0 and Q>1
F<0, and 0<@<1

G=0—

iii) case F' = G = 0: the vanishing of both invariants simultaneously, which is the case for
plane waves, trivialize all conditions. In fact, we simply have @ = 1 and a? = —23?n.

Thus, it suffice to have n < 0.

Having established the connections between Maxwell’s electromagnetism and Born-Infeld
theory, we can now analyze some examples of metrics generated by this mapping. Maybe
the most interesting class of examples are the G = 0, which includes the pure electrostatic
or magneto-static field case. Let us consider G = 0, i.e.
_B/2

QVF
There are three limiting cases: weak fields |F'| < 1, strong electric field F' < —1 and

Q:eF/‘m2 and a

(@ —1).

strong magnetic field F' > 1. When (i) |F| < 1, we expand @) and a in powers of F' and

find the electromagnetic metric in first order corrections as
~ I .

for ' < —1 (ii), we have Q = eF/*%* a ~ 3, /I—J%‘e_l”ﬂ/‘m2 and the metric assumes the form

1 2
€,,z—1/—FaFa,,. 244
1 ﬁ |F| 14 ( )
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Finally, (iii) for F' > 1, it gives a metric of the form

N | F
€lw ~ 2—52 77/»“’ (245)

Consider the regime in which the electromagnetic field is very low in comparison to
the critical field, i.e., ' < (% (case i). Then, we perform a power series expansion in
terms of F/2/3% for the objects associated to the bridge and see that, in this regime, the

electromagnetic metric reduces to the form
N 1
€uv =~ Nuv + 2—52 @uy. (246)

From now on, we keep this expression for the metric. Remark that it is possible to interpret
the presence of the lectromagnetic metric as a small deviation from the flat space-time
generated by the electromagnetic field. From the dynamical bridge between the equivalent
representations it follows that we can describe pure electromagnetic phenomenon either in
terms of Maxwell theory in flat Minkowski space-time or as Born-Infeld dynamics in the
electromagnetic curved geometry.

Henceforth we denote Maxwell-Minkowski (MM) representation the case where one
chooses to describe electromagnetic processes in the linear Maxwell theory in the flat
Minkowski space-time. On the other hand, when one applies the dynamical bridge approach
and describes the same processes in the nonlinear Born-Infeld theory in a curved space-time
driven by the metric e,,, it will be denoted as E— representation. Let us emphasize that
these representations describe one and the same dynamics.

The role of the electromagnetic metric. The presence of a curved structure of the
space-time in the realm of electromagnetic fields can be an important theoretical instrument
of analysis only if one introduces a prescription of how matter perceives this geometry.
Then, the question is: how matter interacts with the electromagnetic metric? This question
appears immediately as long as one wants to explore this metric formulation in the presence
of matter.

Recently!3” the idea was proposed to interpret the action of electromagnetic metric in a
similar way as in gravitational processes assuming that through this geometric channel all
particles display the same behavior. The statement that defines a Universal Hypothesis of
electromagnetic interaction takes the following form: all kind of particles, charged or not

charged, interacts with the metric e,, in a universal and unique way.
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The simplest manner to realize this hypothesis is by using the minimal coupling principle
that we borrow from gravitational processes as they are described in GR. Although this
hypothesis may appears, at first glance, useless or even no sense for traditionalists, we shall
see that it contains a well-posed program with observational consequences that could prove
or disprove it. In order to proceed with this idea we examine the case of test spinor fields
in this background and investigate what new effects one can extract from this geometrical
scenario.

The extended dynamical bridge concerns the behavior of all kind of matter. In the E-
representation the assumption of complete democracy—that is, the idea that any kind of
matter, charged-or-not, lives in the geometry e,,—implies an equivalent effect in the MM-
representation. In particular, the equation of motion of the neutrino in the electromagnetic
geometry, provokes the need to assume a direct interaction between the neutrino and the
electromagnetic field in the MM-representation. Indeed, one is led to accept that in this
representation there should exist an extra term in the Lagrangian which is the analogue of
the minimal coupling principle between electromagnetic field and the neutrino embedded in
the metric €,,. We shall see that, for instance, the role of the parameter § that appears
explicitly in the E—representation, becomes the ratio between the magnetic moment of the
particle and its corresponding mass.

Minimal coupling principle. Let us describe the electromagnetic effects on the spinor
field equation in the E—representation. We explore the equivalence displayed by the dy-
namical bridge and deal with an extended version of the way matter interacts with the
electromagnetic field. It is a universal and well-accepted belief that only charged matter
is able to couple directly with the electromagnetic field. Nevertheless, from what we have
shown above, the analysis in the E —representation allows a new possibility of interaction.

The equivalence between the Born-Infeld theory in the E—representation and the Maxwell
dynamics in flat space was shown only in the case of free fields. We examine now the exten-
sion of such an equivalence by assuming that matter couples universally to the electromag-
netic field in the €, framework. Following this approach, let us investigate the consequences
of the coupling in the E—representation. We start by noticing that it yields two possible forms
of interaction of the matter with the electromagnetic field, that is: (i) through the vector
potential A,; (i7) through the metric tensor €,,.

Once only the geometrical form of interaction was not considered before, we will con-
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centrate our analysis here on this second way. Let us point out that the existence of the
electromagnetic geometry makes sense and may have further consequences only if this ge-
ometry is perceived for all kind of matter. This means that a test particle can couple to the
electromagnetic field without having electric charge or, more precisely, if a particle has an
electric charge it couples with the electromagnetic field through the standard channel via
the potential A,. Otherwise, it interacts with the electromagnetic geometry in an unique
and the same way, according to the minimal coupling principle stated above. What are the

main consequences of this hypothesis? That is the purpose of the next section.

D. A proposal for the origin of the anomalous magnetic moment

Few years ago, a new form of contribution for the anomalous magnetic moment of all

d37. This common origin is displayed in the framework of a recent

particles was suggeste
treatment of electrodynamics that is based in the introduction of an electromagnetic met-
ric which has no gravitational character as we commented above. This effective metric
constitutes a universal pure electromagnetic process perceived by all bodies, charged or
not charged. As a consequence it yields a complementary explanation for the existence of
anomalous magnetic moment for charged particles and even for non-charged particles like
neutrinos.

In the standard model of particle physics, neutrinos possess the most intriguing and
interesting behavior. It is understood that they have only gravitational and weak interaction,
although some extensions of the standard model allow that neutrinos could have an effective
magnetic moment316117:126  For any charged particle the classical magnetic moment (1)
is inversely proportional to the mass p = eh/2m, where h is the reduced Planck constant,
e is the elementary charge and m is the mass of the particle. In the case of electrons, for
example, ;1 = up = eh/2m, is the Bohr magneton. However, in the case of neutrinos v,
it has been suggested that u, depends linearly on the neutrino mass. As a consequence,
this type of coupling between the spinor field and the electromagnetic field presents some
difficulties concerning the variational principle and the re-normalization process.

The idea proposed is that the magnetic moment of any particle is composed of two
very distinct parts: the standard one that depends on the charge of the particle—from

dimensional analysis, it is inversely proportional to the corresponding mass—and another
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part (called the geometrical magnetic moment) that depends linearly on the mass. This
second case, which is many orders of magnitude lower than the standard one, is common for
all particles and does not depend on their charge. In other words, we shall see that part of
the anomalous magnetic moment of charged particles is a consequence of such geometrical
magnetic moment and for neutral particles, like neutrinos, such proposal provides a nonzero
magnetic moment. We shall compare the effects of both terms from experimental data.

Of course, this idea is based on the equivalence between the electromagnetic Born-Infeld
theory in a specific curved geometry and Maxwell’s theory in the Minkowski space-time, as
we have revisited previously. This means that any solution of the former is also a solution
of the latter, which is given in terms of a prescribed map. This is possible because the
associated curved space-time depends only on the electromagnetic fields. Indeed, due to
the algebraic structure of the electromagnetic two-form F},, and its dual, there exist a kind
of closure relation that allows the existence of this mapping, thus generating a dynamical
bridge between these two paradigmatic theories.

The application of the dynamical bridge to specific situations suggests a new manner to
understand the origin of the anomalous magnetic moment, which depends linearly on the
mass, as a direct consequence of the electromagnetic geometry as we shall analyze next.

The E—metrical origin of the neutrino magnetic moment. In the case of neutri-
nos, which are uncharged, there is only the geometrical channel to couple with the electro-
magnetic field. We will apply the minimal coupling principle in the E—representation and
analyze the consequences of this in the Maxwell-Minkowski representation.

We start by defining the Dirac matrices 4 associated to the curved space by the relation
{7} =2e"1, (247)

where 1 is the identity matrix of the Clifford algebra and the curly brackets means anti-

commutation. Analogously, in the MM-representation, we have

{+ =291 (248)
It then follows that we can set
Sl Al 1 T
Y= — 4—52@ o (249)
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and the closure relations above are automatically satisfied. Therefore, the dynamical equa-

tion for the spinor field, in the metric €, becomes
e3PV, U —md W = 0. (250)

The covariant derivative ﬁu =0, — fff I \A/M is given by the Fock-Ivanenko coefficients ff I
plus an arbitrary element of the algebral3?, which yields

V.7 =Vl (251)
still holding the metricity condition ﬁa ¢ = 0. The presence of V, suggests that the
interaction between the electromagnetic field and ¥ occurs through the internal space. In
the absence of any kind of matter, we are free to assume that the commutator on the right-
hand side of Eq. (251 vanishes. However, when matter (of any kind) exists, YA/M depends
simultaneously on the electromagnetic field and on the properties of the matter field and,
in the case of spinors, we set

o~

me o,
V;L = Z% Fuu7 V5, (252>

where m is the neutrino mass in the minimal extended version of the standard model.
In the general case, it was demonstrated that V# must transform like the Fock-Ivanenko
connection in order to verify the conservation laws™. Thus, according to the choice of Ve
given by (252), that contains the anti-symmetric tensor F),,, guarantees the conservation
law. In order to guarantee that we are dealing only with uncharged particles, we assume
that the Fock-Ivanenko connection does not have any term proportional to the identity 1. It
should be remarked that even if we consider massless neutrinos, we can rewrite YA/M is terms of
the neutrino energy and then the coupling to the electromagnetic field is still present. This
replacement of m by E suggests that such interaction should be investigated in different
scenarios where the right-handed neutrinos could appear™-172,

Using Egs. (24€) and (252)) into the equation of motion (250), we get

mc?
ihey"0, U + 717,“, "5 U —m 2 =0, (253)

which, according to the regime under consideration, corresponds to the first order approxi-
mation in F/2(3% where o/ = (y1y" — v¥y#) /2.

The effect of the universal minimal coupling between matter of any kind and the electro-

magnetic field using the metric €, provides an effective magnetic moment that depends on
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the mass of the spinor field and on the parameter 3, that is

m c?

pe = 5 (254)

Remarkably, the hypothesis of universality of €, reveals the existence of an alternative
origin for the magnetic moment of all particles (charged or not) from first principles. If
we had applied the minimal coupling principle to the MM representation, we have never
obtained such term. In this representation, it corresponds to a non-minimal coupling, lead-
ing to some difficulties to be interpreted inside the standard approach, as pointed in the
literature. The compatibility of this result induced by the E—representation in the MM-
representation implies that the Lagrangian describing the interaction between the neutrino
and the electromagnetic field contains an extra term in the MM-representation which is
usually introduced by hand and without further justification. In other words, the presence
of a magnetic moment for the neutrino in the standard MM-representation should not be
viewed as an exotic surprise but instead should be understood—on the light of the Dy-
namical Bridge method—as a consequence of the universality of the geometry €, in the
E—representation. Next section, we shall introduce this map for charged particles and then
compare with experiments.

The geometrical magnetic moment for charged particles. It is important to
emphasize that the value of the magnetic moment obtained in the previous section contains
only the general contribution for any particle. Charged particles have an extra source for
u that is related to their charge, for instance, the Bohr magneton up = eh/2m, for the
electron. Thus, the total value of the electron magnetic moment (1) should be read as

me c2

B

The first part corresponds to the standard magnetic moment, the second one corresponds

e = phB + + quantum corrections.

to the F—metrical contribution and the last one comes from loop-quantum corrections. A

8,35,39,87,110,124,155 :

comparison with theoretical predictions and experiments is presented in the

original papert37,

E. Dynamical bridge: the case of spinor fields

In the precedent sections we have shown how fundamental fields can satisfy equivalent

dynamical equations in different background geometries. Namely, a given nonlinearity of
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the field in the flat space can be hidden in the curvature of an effective curved space.

81,137,138,142,143

This was shown to be true for spin 0 and 1 fields and can also be applied in

the kinematical context as we described in this review132:136

. In this section we complete
our task and demonstrate that such procedure also holds for spinor fields. In particular,
we shall see that the self-interacting term of the Heisenberg-Nambu-Jona-Lasinio (HNJL)
model392131_can be derived from the minimal coupling of a Dirac field with an effective
curved geometry. This Dynamical Bridge goes together with the chiral symmetry breaking
for massive and massless spinor fields if the coupling constant is sufficiently large. This
approach was suggested recently!? as providing a new geometrical explanation for the non

observation of the right-handed neutrinos.

Let ¥ be a massless spinor field satisfying the Dirac equation
AR )

in a curved background (with no gravitational character) and assume that such curved
geometry represents the modification of the flat space caused by the field ¥ itself through

the specific form of the metric:
g =n" +2aHH". (255)

The arbitrary function o depends on the scalars A = VWU and B = i¥y;V. The vector
H*" is given in terms of the vector J* and axial [* currents. It was proved that the Dirac
equation in such curved space-time is dynamically equivalent to the dynamics of Nambu
Jona-Lasinio equation in the flat Minkowski space-time. Afterwards we rewrite this dynamics

in Minkowski space (equipped with the metric 7, ). This leads to the two following equations

i, Ty =0, (256)
iv"0, Vg + s(A+iBys) ¥, =0, (257)

where s depends on « and its derivatives, ¥, = (1/2)(1 — v5)V and Vi = (1/2)(1 + 75)¥
are respectively the left-handed and right-handed chirality components of ¥, with ¥ =
VU, + Wg. The left-handed component still obey the Dirac dynamics in Minkowski space
while the right-handed component verifies the equation (257)), which is a generalization of
the HNJL dynamics. The curvature of the effective space goes to the nonlinearity of HNJL

dynamics in Minkowski space, but only for the right-handed component of the spinor field.

90



This introduces a new answer to the experimentally observed chiral symmetry breaking of
neutrinos and stands as an alternative for the Standard Model interpretation which assumes
that right-handed neutrinos do not exist, i.e., they do not interact through the standard
model forces.

Overview on the mathematical tools for the DB. In order to properly construct
the Dynamical Bridge for spinor fields let us describe some mathematical ingredients. It is

well known that any metric tensor g"” can always be decomposed into
=g (258)

where ¢g" is some background metric and ¥*” is a rank two tensor field. As we discussed
before, this metric tensor admits an inverse with the same binomial form if we impose the
condition ¥ ¥, = pdy + ¢ X*,, where p and ¢ are arbitrary functions of the coordinates.
For the sake of simplicity, we set the background metric g,, to be the Minkowski one 7, in
arbitrary coordinate systems. For eventual generalizations concerning the background, we
refer to the Damido-Soares lecturest™.

With a generic spinor field ¥ we construct two scalars A = W and B = iU~5V and two
currents defined as J* = U~y*U and I* = WAty U. The 4*’s are the Dirac matrices which
satisfy the closure relation of the Clifford algebra. Using the Pauli-Kofink identity for an

arbitrary element @) of the Clifford algebra
(TQNU) T = (PQU)Y — (VQy5W)75 P, (259)

the following relations are easily derived J? = —I? = A? + B? and J,I* = 0, where X? =
N XH X" for the vectorial objects.
Here the method consists in writing ¥ of the curved space-time metric ([258) in terms

of the dynamical field, which is given by the spinor ¥. The simplest way to do this is to set
Y =2a H'H", (260)

where H* = J* + el is a linear combination of the currents, € is an arbitrary constant and

« is an arbitrary function of A and B. Eq. (259) leads to the following identities

H A"V = (1 + ey5)(A+iBys)V, and  H?=(1-¢)J% (261)
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Finally, using the relation g"g,, = 0", the metric tensor and its inverse can be written as

g =n" +2aH'HY,
(262)
G = Mhow — Tz HuH,
Introducing the Weyl-Cartan formalism33, we define two tetrad bases e#4 and e*4 which
relate the tangent space provided with the metric nap to the physical spaces endowed with

the two metrics 7, and g,,. The two bases satisfy the following relations

~uv

AB s v
g

=n""e' e’ and n" = 77AB ety e’ g, (263)

where once more Greek indices refer to the physical spaces and are manipulated with
Nu O §u, while Latin indices refer to the tangent space and are operated by nap =

~Asv
€ € A=

diag(1, —1,—1, —1). The inverse tetrad bases e,” and €, should satisfy e, e’ 4 =
oy, and e, ety =€, e p = 4. Furthermore, any vector X* (or )?“) in the space-time 7,
(or G,u) has a counterpart X4 = ef}X k (or XA= @Z‘)A( #) in the internal space. In particular,

for the Dirac matrices we assume that
v, (264)

where v4’s are the constant Dirac matrices. Note that the 3*’s also verify the algebra related
to the curved space g, .

For consistency with Eqgs. (262)), the two tetrad bases must obey a condition like
/€\MA:€MA+ﬁHAHM, (265)

with the constraint a = 28/(2 + SH?) in this case. Therefore, the inverse tetrad bases are
such that

et =e - %;HQ H4H,. (266)

Then we end the overview on the tetrad formalism we need to deal with the bridge between
the spinorial dynamics (a generalization of this approach can be found in2?).

The hidden breaking of chiral symmetry. Now we describe how the Dynamical
Bridge works for spinor fields. As mentioned before, we start with the linear Dirac equation
in an effective curved background then we expand the formulas to reach a new and differ-
ent, though physically equivalent, dynamics in the Minkowski background. The resulting

equation is a generalization of the HNJL dynamics.
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In the effective curved geometry given by (262)), Dirac equation for the spinor field W
reads

AV, =0, (267)

where V = Oy — fu and the Fock-Ivanenko connection. Introducing the tetrads allows to

rewrite I', as

~ ~ 1
Fy=e,ly= 3 VBCA[VBa ’Yc]a (268)
which is called spin connection and is defined by
~ 1 4 ~ ~ ~ ~
YABC = §(CABC —Cpeca —Ceap), and Cuapc = —€,ae" 30 (269)
Note that éABC = —6ACB and, consequently, Yapc = —Vpac-

Setting € = —1 the spinor field equation (267) takes the following form in the flat space

i (7’*6‘” + By"H,H" 9, + gﬂw’* + gH,ﬂ“) T =0, (270)

where X, = X, ,H". This nonlinear dynamical equation for ¥ originates from the curved
space connection interpreted as self-interacting terms in the Minkowski space (for nonlinear
spinor equations see™ and references therein). In particular, there is a set of solutions of
Eq. (270) provided by the Inomatat®® condition ¥ , = —(1/2)BHM\II, will lead to the chiral
symmetry breaking without any assumption on £.

In the standard model the right-handed neutrinos are not present since weak interactions
couple only with the left-handed neutrinos. However, since 1998 various independent and
different experiments have detected their family oscillation!®, indicating that neutrinos are
massive and break the chiral symmetry. A natural question appears: where are the right-
handed neutrinos? There are two possible answers: either neutrinos are of Majorana type or
they do not interact weakly. Several experiments have unsuccessfully tried direct or indirect
detection of such neutrinos?:22,

Notwithstanding, a third possible explanation is provided according to the above geo-

metrical arguments. Indeed, in the regime B > 3, when the nonlinear propagating terms of

Eq. (270) can be neglected, it reduces to
i,V + zg(l —¥5)(A+iBvys) ¥ =0, (271)

where we used Eq. (261]). This equation is similar to the HNJL equation in Minkowski space-

time. This means that the nonlinear self-interacting term can be seen as a modification of
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the space-time structure. Up to this point, they are just two equivalent equations written
in two different spaces. However, let us decompose ¥ into its chiral components, that is

1 1
U = \IIL + \IIR = 5(1 — ’)/5)\1’ + 5(1 —|—’}/5)\If,

where Uy, and Uy represent the left and right-handed chiralities. Then Eq (271)) splits into

two distinct parts

i,V =0, (272)
iV 9,V 4 if(A +iBys) Uy, = 0. (273)

From these equations, it follows the remarkable result: each chiral component ¥, and
U satisfies a different dynamical equation in the Minkowski space. The left-handed com-
ponent propagates as a free Dirac field when the right-handed component is trapped by
the self-interacting term. If the coupling parameter 3 is sufficiently large, the right-handed
component needs very high energies to be detected. This leads to a new and geometrical

explanation for the non observation of the right-handed neutrinost? .

X. THE THEORY OF THE GEOMETRIC SCALAR GRAVITY

Although the possibility to eliminate accelerations of arbitrary bodies can be described
equivalently by particular changes on the metric of space-time, one for each body, there is
interest in follow the main ideas of GR and unify all these geometries into a single one.
The path followed by Einstein was to describe the gravitational phenomenon in terms of a
unique universal metric. The prize to pay is to impose a dynamics for the geometry by its
own. Few years ago!3® an alternative was proposed that received the name of Geometric
Scalar Gravity (GSG) that do not follow such procedure. We shall make an overview of
this theory and its main achievements, highlighting how it bypasses the main drawbacks
of the previous proposals?®-71:133.16LITLITT © degcribing well the local tests of gravity2:61.168.191

53,68,83,85

and can be constructed in the lines of a field theory formulation . Let us start by

enumerating the main properties of GSG:

e The gravitational interaction is described by a scalar field ®;

e The field ® satisfies a nonlinear dynamics;
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The theory satisfies the principle of general covariance. In other words, this is not a

theory restricted to the realm of flat spaces;

All kind of matter and energy interact with ® only through the pseudo-Riemannian

metric
o* DoV d

wo_ pv .

(274)

Test particles follow geodesics relative to the gravitational metric g, ;

® is related in a nontrivial way with the Newtonian potential ®;

The quantities a and g are functionals of ® which were specified by fixing the dynamics
of the scalar field. The auxiliary (Minkowski) metric 7" is unobservable because the gravi-
tational field couples to matter only through ¢*” an hypothesis borrowed from GR where a
unique geometrical entity interacts with all forms of matter and energy and the geometry
underlying all events is controlled by the gravitational phenomena.

It is worthwhile to point out that the scalar field is not the (special) relativistic gener-
alization of the Newtonian potential. Indeed, following the scheme of GR®2 and assuming
that the test particles follow geodesics relative to the geometry g, we have that

% =T, =—0 dy, (275)
where we are assuming static weak field configuration and low velocities for test particles.

From Eq. (231]), we have

b~ —=0 Ina.
00 5
It follows that the Newtonian potential ®y is approximately given by

1
@Nz—g In «,

which yields the relation between the metric and the Newtonian potential ®y as

Llr

doo =
Using equation (232)) one obtains the right (vacuum) Newtonian limit:
V2o = 0.
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This was the starting point of Einstein’s path in building his tensorial theory of gravity.
The geometric scalar gravity follows another path that we describe next. From now on we
will explore the consequences of extrapolating from the above approximation the general
expression

a=e?? (276)

The next task is to determine the functional dependence of 8 on ® or either the form
of the potential V' (®) as we have presented in the Lemma [6] concerning the DB for scalar
fields, that is

B=a(*V-1). (277)

The dynamics of scalar gravity. In (GSG) the dynamics is controlled by the varia-
tional principle

051 =9 /\/—nd% V(®)w,

we get:
58 = — / V—ndtz (V'w+2VOy®) 6 (278)

where [, is the d’Alembert operator in flat space. Again, using the Lemma [0l we rewrite

the equation above as

68, =—2 /\/_—qdﬁ‘:)s\/VD(I) 5P. (279)

In presence of matter we add a corresponding term L,, to the total action:

S = / vV—qd*z L, (280)

The first variation of this term as usual yields

1
88, = — 3 / V=qd'zT" § q,,, (281)
where the energy-momentum tensor is given by its standard form

;-2 Siln)

VA N/

General covariance leads to conservation of the energy-momentum tensor 7", = 0. The

equation of motion is obtained by the action principle §51+9.5,, = 0. Up to this point we are
following the paths of GR. Here, however, in the GSG, the metric g, is not the fundamental

quantity. We have to write the variation d¢,, as function of ®. While we are using the
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unobservable background Minkowski metric for simplicity, at the end all expressions should
be written in terms of the gravitational metric ¢,,. Finally, the equation of motion for the

gravitational field ® takes the form:

VV O =k y, (282)
where / ,
X:% (;—Q(T—E)JrQZ—ZE—VACA),
with Z =a+ 8, T =T"q,, E = W, Cr = % (TA“ — Eq’\“) 0,® and prime

means derivative w.r.t. ®.

Substituting o = e2® and using the expression for the potential derived in the original

paper’3s
_a9\2
)
4 o3
we rewrite the source term under the form
1 /3e2®*+1
=~ ([X————E-T-V,C")].
X3 <3 2 — 1 A )

This equation describes the dynamics of GSG in the presence of matter. The quantity x
involves a non-trivial coupling between the gradient of the scalar field V,,® and the complete
energy-momentum tensor of the matter field 7},, and not uniquely its trace. This property
allows the electromagnetic field to interact with the gravitational field. The Newtonian limit

gives the identification
8rG

At

K

Natural decomposition. The form of the metric, containing the derivative of ® sug-
gests a simplification in the description of the matter terms which is useful for exploring the
cosmological consequences of GSG. Suppose that 0, is time-like, that is 2 > 0. We then

define the normalized vector

8,
[N - ﬁ

This vector can be used to decompose the energy-momentum tensor of a perfect fluid in

(283)

the ”co-moving” representation by setting

™ =(o+p) I"I" —pg", (284)
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it then follows
T 9,0 — Vo I".
and
™" 9,90, =Qo.
Thus, in this frame the quantities £ and T' reduces to

E =op, T=0-3p. (285)

Using these results it follows that C* = 0. In the natural frame associated to the gradient of

the gravitational field ® the equation of motion for the scalar gravity, reduces to the form

Voo =2 ( 2o Q—3p). (286)

2 \a—3
This is the form of the dynamics of ® when the source is a perfect fluid. In the next section

we provide a simple example of GSG in the analysis of the global properties of the universe.

XI. A GEOMETRICAL DESCRIPTION OF QUANTUM MECHANICS Q-WIS

In the literature, there are many attempts of a quantum theory formulation for the
space-time from which some are very successful, but none of them is complete. On the other
hand, the geometrical approaches for the quantum theory have also their remarkable results.
The most common is based on a Kahler structure of a complex projective Hilbert space,
where people have tried to derive a “natural” metric in the realm of the so-called geometric

4,5,7,27,130,166,167

quantum mechanics . There are also other geometrization procedures where

quantum mechanics appears as a sort of an emergent theory:67:106-108,133

In this vein, one of us with collaborators have shown that Quantum Mechanics (QM) can
be indeed interpreted as a modification of the Euclidean nature of 3-dimensional space into a
particular Weyl affine space (called Q-WIS) by using the de Broglie-Bohm causal formulation
of QM2 In the Q-WIS geometry, the length of extended objects changes from point to
point, the deformation of the standard rulers used to measure physical distances are in the

core of quantum effects allowing a geometrical formulation of the uncertainty principle. How

is it possible? Several works have advocated a possible connection between non-Euclidean

29,38,84,96-100,111,123,190 ( 30-32

geometry with quantum effects see also and references therein) and,

in this section, we briefly present one of them in the realm of this review. The relativistic

generalization in the case of the Klein-Gordon equation was done in®.
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A. Weyl Geometry

In the early years of twenty century H. Weyl:¥8:18 gyggested a modification of the Eu-
clidean geometry that was an extension of the proposal made by Riemann. The main
motivation was related to the Unified Program that followed the geometrization of gravity
displayed by GR. Weyl proposed to identify the electromagnetic interaction as a modifica-
tion of the geometry of space-time along similar lines as it was made for gravity. For various
reasons this proposal did not succeeded. Neverthless, the result of this research achieved a
well-defined and consistent generalization of Riemannian geometry. In fact, a Riemannian
geometry can be understood as a special case of a Weyl geometry. In the first section of this
review, we have described in more details the properties of Weyl geometry, but it is worth
to mention here its main difference that is related to the notion of a standard ruler.

In a Weyl geometry the length of an extended object changes from point to point. This

means that a ruler of length [ will change by an amount
ol=1f,dz"

This effect may become an obstacle to the notion of a local ruler and thus to local measure-
ment of distance!3”. However, there is a special sub-class of Weyl geometries known as Weyl
Integrable Space (WIS) that is free of such difficulty. This is provided by the condition that
the vector f; is a gradient of a function, i.e., f, = f .. The geometry WIS is distinguished
precisely by the fact that the length of the ruler transported along a closed curve does not

change. Hence, if the change of the ruler’s length is dl, for a closed path in WIS we have

jfdzzo :

which guarantees the uniqueness of any local measurement. The allowance of an intrinsic
modification of the standard rulers is the main geometrical hypothesis that allows to asso-
ciate this geometrical modification to the origin of quantum effects. We restrict this review

only to the case of an isolated point-like particle possibly subjected to an external potential.

B. Quantum Mechanics

In the end of last century, the development of quantum cosmological scenarios brought to

light some difficulties intrinsic to the Copenhagen interpretation2!22:36.56.74,82,94,95.105 = \[ore

99



specifically, the measurement process in a quantum closed universe seems inconsistent?425:158

Fortunately, there are some alternative interpretations that can be applied simultaneously
to cosmology and to the micro-world, for instance the Many-Worlds interpretation182 the

88,154

Consistent Histories formulation and, in particular, the so-called causal interpretation

40-43.125 " gince it is amongst the well defined interpre-

or also Bohm-de Broglie interpretation
tation that can be applied to any kind of system, including the universe as a whole, and up
to date it is completely equivalent to the Copenhagen interpretation when applied to the

micro-world.

QM has been seen as a modification of the classical laws of physics to incorporate the
uncontrolled disturbance caused by the macroscopic apparatus necessary to realize any kind
of measurement. This statement, known as Bohr’s complementary principle, contains the
main idea of the Copenhagen interpretation of QM. The quantization program continues
with the correspondence principle promoting the classical variables into operators and the

Poisson brackets into commutation relations.

In this non-relativistic scenario, the Schrodinger equation establishes the dynamics for
the wave function describing the system. Note that as in Newtonian mechanics time is
only a external parameter and the 3-d space is assumed to be endowed with the Euclidean

geometry.

Using the polar form for the wave function, ¥ = Ae*/" the Schrédinger equation is

decomposed in two equations for the real functions A (x) and S (z)

oS 1 h? VZA

E—F%VSVS—FV—% P =0 , (287)
0A? vSs

oA RACA I 2
BN +V ( - ) 0 (288)

Solving these two equations is completely analogous to solving the Schrodinger equation.
The probabilistic interpretation of QM associate | ¥||? = A? with the probability distribu-
tion function on configuration space. Hence, Eq. (288)) has exactly the form of a continuity

equation with A2 V.S/m playing the role of current density.
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C. Short synthesis of Bohm-de Broglie interpretation

The causal interpretation of QM, propose that the wave function does not contain all the
information about the system. An isolated system describing a free particle (or a particle
subjected to a potential) is defined simultaneously by a wave function and a point-like
particle. In this case, the wave function still satisfies the Schrodinger equation but it should
also work as a guiding wave modifying the particle trajectory.

Note that Eq. ([287) is a Hamilton-Jacobi-like equation with an extra term that is often

called quantum potential

= , (289)

while, as already mentioned, Eq. ([288) is a continuity-like equation. The Bohm-de Broglie
interpretation takes these analogies seriously and postulates an extra equation associating
the velocity of the point-like particle with the gradient of the phase of the wave function,

namely,

i =1y (290)
m

Integrating this equation yields the quantum Bohmian trajectories. The unknown or hidden
variables are the initial positions necessary to fix the constant of integration of the above
equation.

The quantum potential is the sole responsible for all novelties of quantum effects such as
non-locality or tunneling processes. As a matter of fact, the Bohm-de Broglie interpretation
has the theoretical advantage of having a well formulated classical limit. Classical behavior
is obtained as soon as the quantum potential, which has dimensions of energy, becomes
negligible compared to other energy scales of the system.

In what follows, we will show that it is possible to reinterpret QM as a manifestation of
non-Euclidean structure of the 3-dimensional space, leading to a geometrical interpretation
of the quantum effects.

DM for the Q-potential. The quantum force that a particle suffers has two important

properties:
e [t is universal;

e It admits a potential.
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These properties are quite similar to Newtonian gravity. This means that it is possible to
follow a similar path as proposed in GR and in the formulation of DM (cf. previous sections)
to eliminate the Bohmian forces in terms of a Riemannian geometry. Instead of this, we will
follow another path by a different change on the geometry of the 3-dimensional space.

Instead of imposing a priori that QM has to be constructed over an Euclidean back-
ground as it is traditionally done, quantum effects can be interpreted as a manifestation
of a non-Euclidean structure derived from a variational principle. The validity of the spe-
cific geometrical structure proposed can be checked a posteriori comparing it to the usual
non-relativistic QM.

Thus, consider a point-like particle with velocity v = V.S/m and subjected to a potential
V. Following Einstein’s idea to derive the geometrical structure of space from a variational

principle by considering the connection as an independent variable, we start with
3 2 [ 2 as
I= [ dtd’z\/g )\R_E_Hm (291)

and consider the connection of the 3-d space F;k, the Hamilton’s principal function S and
the scalar function €2 as independent variables. Note that indices 7, j,... run from 1 to 3.

Considering the line element in Cartesian coordinates
ds? = gydz'da? = da? + dy? + d2?,
with g = det g,;, the Ricci curvature tensor is defined in terms of the connection through

_™m m ! m I Tm
Rij_rmi,j_rij,m+r _Pij Im

mi— jl

and its trace defines the scalar curvature R = ¢g"/R;; which has dimensions of inverse length
squared, [R] = L™2. The constant A\? has dimension of energy times length squared, [\?] =
E L?, and the %—f term is related to the particle’s energy. In the case of point-like particle,
the Hamiltonian is

1
Hy = VS -VS+V.
m

5
Variations of the action I with respect to I, yield

Gijik = —4 (hl Q),k 9ij (292)

where “:” denotes covariant derivative and “.” simple derivative. Eq. characterizes the
) )

affine properties of the physical space. Hence, the variational principle naturally defines a
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WIS; variation with respect to €2 gives

1
MR = %—f + —VS VS+V. (293)

The right-hand side of this equation has dimension of energy while the curvature scalar
has dimension of [R] = L~2. Furthermore, apart from the particle’s energy, the only extra
parameter of the system is the particle’s mass m. Thus, there is only one way to combine
the unknown constant A\?, which has dimension of [A\?] = E L?, with the particle’s mass such
as to form a physical quantity. Multiplying them, we find a quantity that has dimension of
angular momentum squared [m \?] = A?.

In terms of the scalar function €2, the curvature scalar is given by

V20
= , 294
R =8 a (294)
Hence, setting \? = h?/16m, equation (293) becomes
o5 1 B V2Q
E+—VS VS—FV—% Q =0, (295)
Finally, varying the Hamilton’s principal function S we find
002 VS
*— ) =0. 2
T3 V( - ) 0 (296)

Equations (295]) and (296) coincide with (287) and (288) if we identify 2 = A. Thus, the

“action” of a point-like particle non-minimally coupled to geometry given by

h2
I:/dtd?’wgsz? {167”73 (%erH )} (297)

exactly reproduces the Schrodinger equation and thus the quantum behavior.

The straightest way to compare this geometrical approach to the quantum theories is
through the Bohm-de Broglie interpretation. Note that this formulation has the advantage
of giving a physical explanation for the appearance of the quantum potential (289).
Q-WIS (Q for quantum), this term is simply the curvature scalar of the WIS. The inverse
square root of the curvature scalar defines a typical length L, (Weyl length) that can be

used to evaluate the strength of quantum effects

1
VR

As we have already mentioned, the classical limit of Bohm-de Broglie interpretation is

L

achieved when the quantum potential is negligible compared to other energy scales of the
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system. In the scope of this geometrical approach, the classical behavior is recovered when
the length defined by the Weyl curvature scalar is small compared to the typical length
scale of the system. Once the Weyl curvature becomes non-negligible the system goes into
a quantum regime.

Geometrical uncertainty principle. As long as we accept that QM is a manifestation
of a non-Euclidean geometry, we are faced with the need of reinterpreting geometrically
all theoretical issues related to quantum effects. As a first step, we derive the uncertainty
principle as a break down of the classical notion of a standard ruler.

It is well known amongst relativistic physicists that there is no absolute notion of spatial
distance in curved spacetime. However, this is no longer true when there is an absolute
Newtonian time and only the spatial manifold is allowed to be curved. In this case, it is
possible to define distance as the smallest length between two given points calculated along
geodesics in 3-d space. This is a consistent definition since the 3-d space has a true metric in
the mathematical sense that its eigenvalues are all positives. However, this definition does
not encompass the classical definition of a standard ruler.

Hence, we are unable to perform a classical measurement to distances smaller than the
Weyl curvature length. In other words, the size of a measurement has to be bigger than the
Weyl length

1
AL > L, = ——. 298
=bem R .

The quantum regime is extreme when the Weyl curvature term dominates. Thus, from

equations (294) and (295) we have

2Ap\°>  16m 2Ap\ >
=2 — E - <2 — 2
Ro-2(B) e <2 () 2
and finally combining equations (298) and (299) we obtain
AL Ap > i

2v/2
We should emphasize that now the Heisenberg’s uncertainty relation has a pure geomet-
rical meaning. This argument resembles Bohr’s complementary principle inasmuch as the
impossibility of applying the classical definitions of measurements.
Bohr’s complementary principle is based on the uncontrolled interference of a classical
apparatus of measurement. On the other hand, the notion of a classical standard ruler breaks

down because its meaning is intrinsically dependent on the validity of Euclidian geometry.
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Once it becomes necessary to include the Weyl curvature, we are no longer able to perform
a classical measurement of distance.

There is another way to interpret the uncertainty principle. For a given particle of mass
m and energy E there is only one combination with the free parameter of the theory (h)
that furnishes a quantity with dimensions of length. We take this value as a definition of

the classical size of the particle, namely

h2
lpart = =—.
wrt =\ 5 (300)

Note that this definition coincides with the Compton’s wavelength of the particle which
is related to the limits of validity of non-relativistic QM.

Considering a free stationary particle, from equation (293)) we have

h2
EFE=—Rw = lut=
16m " part

4
VRw '
and from equation (299)
lpart Ap > V2 1. (301)

From this point of view, the uncertainty principle indicates that it is impossible to perform
a measurement smaller than the classical size of the particle defined by equation (B00). In

other words, it is impossible to perform a classical measurement inside the particle.

D. Additional Comments

It is well known that as soon as we consider high velocities or high energies one has
to abandon the Euclidean geometry as a good description of the physical space. These
brought two completely different modifications where the physical space loses its absolute
and universal character. In fact, these are the core of classical relativistic physical theories,
namely, Special relativity and GR.

In a similar way, one should be allowed to consider that the difficulties that appears while
going from classical to QM comes from an inappropriate extrapolation of the Euclidean
geometry to the micro-world. Hence, the unquestioned hypothesis of the validity of the 3-d
Euclidean geometry to all length scales might be intrinsically related to quantum effects.

We overview here the close connection between the Bohm-de Broglie interpretation of

QM and the modification of the geometry of space by passing from Euclidean 3-d to a
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3-d Q-WIS. The Bohmian quantum potential can be identified with the curvature scalar
of the Q-WIS and through a variational principle it is possible to reproduce the Bohmian
dynamical equations which are equivalent to Schrodinger’s QM.

The Palatini procedure, in which the connection acts as an independent variable while
varying the action, naturally endows the space with the appropriate Q-WIS structure. Thus,
this geometry enters into the theory less arbitrarily than the implicit ad hoc Euclidean hy-
pothesis of QM. The identification of the curvature scalar as the ultimate origin of quantum
effects leads to a geometrical version of the uncertainty principle. This geometrical descrip-
tion considers the uncertainty principle as a break down of the classical notion of standard
rulers. Thus, it arises an identification of quantum effects to the length variation of the

standard rulers.
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XII. COMMENTS AND CONCLUSIONS

In the realm of Special Relativity, the Newtonian idea of an absolute clock for all in-
ertial observer is replaced by the concept of a proper time for each observer, namely, the
particular measure of the physical time is different depending on the relative motion of a
given inertial observer with respect to a rest frame. Then, due to its universality, the grav-
itational interaction was interpreted as a modification of the geometry of space-time!2”. In
the electrodynamics of moving dielectrics, a similar result was made possible by Gordon’s
analysis of light rays inside a material media and its propagation was interpreted in terms

of an associated geometry.

Recently, the D’Alembert principle of Classical Mechanics —which transforms any dy-
namical problem into a statical one - was generalized by adopting as fundamental principle
that the acceleration induced by any kind of forces is eliminated through a modification of
the background metric. We can understand this procedure as an extension of the Special
Relativity idea of relative time to the geometry of space-time, once it follows that for each
body acted upon by arbitrary forces one can attribute a particular geometry such that it
is interpreted as following a free-motion. This property that allows the elimination of any

force by a change on the metric properties on the space-time is called Metric Relativity.

The second step presented here concerns the Dynamical Bridge (DB). Maxwell and Born-
Infeld’s theories in the same background correspond to different descriptions of the electro-
magnetic interaction. However, we have seen that the DB leads to an equivalence between
them, that is, they have the same dynamical properties when each one of these theories is
written in a distinct space-time geometry. The crucial point is related to the dependence
on the electromagnetic field of the associated metrics. This indicates that both theories can
be understood from a more fundamental point of view depending on which aspects of elec-
tromagnetism is to be emphasized. This general structure of maps between explicit distinct
theories allows connections which were not considered before and the physical phenomena
can thus be comprehended more deeply. In other words, distinct theories are seen only as
different languages representing the same phenomenon. This property of the DB can be en-
larged through other processes. In particular, we can point out the recent geometric scalar
gravity (GSG), that is, a theory initially written in flat Minkowski space is interpreted as a

nonlinear theory in an associated curved space-time. Finally, we described the geometriza-
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tion of Quantum Mechanics (QM), through the use of Weyl geometry, which structure is
the responsible for the origin of the quantum potential needed to properly describe QM in
the de Broglie-Bohm framework.

In practice, we elaborate in this report a thorough review on the following issues:

e From a kinematical point of view, we have shown that it is possible to display a
geometrical description of any kind of force assuming that the space-time metric is
not unique and not given a priori. In particular, for any accelerated vector field v*
in a background metric g, it is always possible to find another metric tensor g, in
which v* follows a geodesic motion. As we have seen the procedure described in Sec.
[V] can be applied to any vector field lying in any space-time metric, for instance, we
selected the Schwarzschild, Godel and Kerr solutions of GR equations to exemplify
the method. Furthermore, the generalization of Gordon’s results to arbitrary material
media and nonlinear EM theories in Sec. [VI] can also be considered as a consequence

of it.

e In Sec. [IX], we introduced the concept of DB and we applied this to the most relevant
cases involving scalar, vector or spinor fields, trying to explain with some details how
the DB can provide alternative explanations to current open problems in physics. Still
in the realm of the DB, we then present in Sec. [X] a recent attempt to describe the

gravitational interaction only in terms of a scalar field.

e Finally, we summarized the geometrical formulation of quantum mechanics according
to the de Broglie-Bohm interpretation, emphasizing that the quantum potential can
be seen as a consequence of a possible non-metricity of the Euclidean space. This
non-metricity is represented by a particular choice of the Weyl affine space called Q-
WIS. The main result is that the deformation of the standard rulers used to measure

physical distances allows a geometrical formulation of the uncertainty principle.

We conclude this review stating that the most adequate mathematical formulation to de-
scribe the geometry of the physical world should not be established a priorit®?; the physical
experiments indicate which space-time geometry (or class of) is actually realized in Nature
and in which scale (macrophysics or microphysics) it is relevant to develop a measur-

able/testable and useful theory.
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Appendix A: Lanczos tensor

The Weyl tensor W,g,, can be expressed in terms of the 3-index Fierz-Lanczos poten-
tial tensor®112 that we will denote by Lag,. Let us summarize here some definitions and
properties of L,g,, since the literature has very few papers on this matter. This tensor was
introduced in the 30’s to provide, in a similar way as the symmetric tensor ¢,, does—in
a more used approach—an alternative description of spin-2 field in Minkowski background.
In the 60’s Lanczos rediscovered it—without recognizing he was dealing with the same
object—as a Lagrange multiplier in order to obtain the Bianchi identities in the context
of GR. However, a complete analysis of Fierz-Lanczos object was undertaken and it was
discovered that its generic (Fierz) version describes not only one but two spin-2 fields4’.
The restriction to just a single spin-2 field is usually called the Lanczos tensor. We will limit
all our considerations here to this restricted quantity.

Basic Properties: In any 4-dimensional Riemannian geometry there is a 3-index tensor

Lp,, which has the two following symmetries:

Logy + Lgap =0, and  Logy + Lgua + Lyag =0

and with such L,g, we write the Weyl tensor in the form of a homogeneous expression that
is
1 2

Wasw = Lol + Lytospi + 5 Lian) 9ot L) Jov = Liaw 9w = Lipw) Joul +3

5 L7 gix Gopurs (A1)

where Lo, = Lo .0 — Loy and Ly = L7,
Let us point out that, due to the above symmetry properties, Lanczos tensor has 20
degrees of freedom. Since Weyl tensor has only 10 independent components, it follows that

there is a gauge symmetry involved. This gauge symmetry can be separated into two classes:
1
AW Logy = Mo gg — Mg oy,

1 1 1 1
A(2)Laﬁu = Wapu — §Wua;ﬁ + §Wuﬁ;a + §gua WﬁA;A - 5«%5 Wa)\;kv (A2)

in which the vector M, and the antisymmetric tensor W,z are arbitrary quantities. Then,

we can associate Lanczos tensor to the parameters of a congruence of curve for different
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geometries. This can be more clearly seen by stating certain Lemmas!®! that we exhibit

here without proofs. The interested reader can find them in the quoted article.

Lemma 7 If in a given Riemannian geometry there is a congruence of observers vt that
s shear-free and irrotational, then the magnetic part of Weyl tensor vanishes for these

observers.

Lemma 8 If in a given Riemannian geometry there is a congruence of observers v* that is

shear-free and irrotational, then the Lanczos potential is given by (up to gauges)
Lagy = a3, —agva vy,

Lemma 9 If in a given Riemannian geometry there is a congruence of observers v* that is
geodesic and irrotational, and such that H,, vanishes, then the Lanczos potential is given by
(up to gauges)

Lopy = 0pa g — 0pg Va.
An example is provided by Kasner metric
ds? = dt* — ?P1 da® — 1?72 dy® — 273 d2?,

where p; +py+ps = pi+p3+p2 = 1. Consider the velocity field v* = §f, which is irrotational

but has a non-null shear and the Lanczos potential is

(pi —1/3)

Loij = 3

2pi—1
t°P 5U‘
Note that there is no sum on the 3-d indices.

Lemma 10 If in a given Riemannian geometry there is a congruence of observers v* that
s geodesic, non-expanding and shear-free and such that the vorticity vector is constant then

the Lanczos potential is given by

1
Lopy = Wap Uy + o Wan Vs — 5 Wap Va-

An example is provided by Godel geometry which can be written as

e2ax

ds® = dt* — da® + 2 dt dy + 5

dy* — d2?,

where a is a constant. Set the velocity field as v* = ¢f, to obtain for the vorticity 2wy =
—a €% Tt is straightforward to show that this vector has no shear and the vorticity is such

that w,,, = 0. The Lanczos potential is given by the formula expressed in this Lemma.
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Appendix B: Fluid description of the electromagnetic field: the Dirac gauge

Some years ago Dirac®” suggested to choose a specific gauge such that the potential A4,

may be identified to the normalized velocity v, of a fluid. This means to set
A A" =1,

We are interested here in the description of the energy-momentum distribution that one
obtains when using such Dirac choice for the gauge. Using the identification of the elec-
tromagnetic potential as the four-velocity of a fluid we set for the electromagnetic tensor
F,=A4,,—A4,,=1v,,—1,, From the standard decomposition of the velocity of a con-
gruence of curves we decompose the derivative of the velocity field in terms of its irreducible

components (see the first section). We set

©

Uy = 3 Py + 0 + Wy + ay vy,
Thus it follows that the electromagnetic field, in the Dirac gauge, assumes the form
Fo=2wu, +a,v, —a,v,,

where the acceleration a, and the vorticity tensor w,, are defined in the first section in the
standard way using the velocity field as the potential vector A,,.

The electric £, and the magnetic H, vectors are defined as usual
E, =F,v"
H,=F,v".

In the Dirac gauge and under the identification of A, with the velocity of the fluid it follows

that the electric vector is given by the acceleration a, and the magnetic field is the vorticity

Wy, that is £, = a, and H, = — 2w, where the vorticity vector w, is related to the tensor
wyw by the formula
1
wy, = 5 O‘Bpu Was Vp-

The energy-momentum tensor

F
TMV:FMOCFQV_‘_ZUMV?
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where F' = F,, F", decomposed in its irreducible components yields respectively: the

density of energy p = — 3 (a, a* + 4w, w"); the pressure p = % p; the heat flux (Poynting
vector) g = m\"*? a,, v” w, and the anisotropic pressure
T = — Ay Gy + gaTa Py — 4w, wy, + gw,\w Py

We note that the shear 0,, and the expansion coefficient § are absent from these formulas,
only the acceleration and the vorticity appear.

Once in the Dirac gauge the electric field is identified to the acceleration in this fluid
description, from what we have learned in the previous sections it follows that it is possible
to introduce an auxiliary DM to annihilate the acceleration, that is, to eliminate the electric
field. Let us restrict the analysis here to the case the electric field is a gradient. We set
E, = 0,V and once the acceleration is orthogonal to the velocity a,v* = E, A" = 0,
following the Lemma [Il the condition that the path v* be a geodesics in a DM is provided
by the standard condition

1+b=-exp(—27). (B1)

The generalization for an arbitrary electric field goes along the same lines.

Appendix C: Fluid description of Heisenberg-Nambu-Jona-Lasinio field

From the standard definition of the energy-momentum tensor we obtain the expression

of the Heisenberg dynamics in the fundamental solution as
Tw=—arJ,J, —bi I, I, —sJ*n,,.

Let us define the four-velocity field as the normalized current v, = J,/v/J? and let us use

this velocity field to decompose the energy-momentum tensor in its irreducible parts and set

T;w = PUuUy — phuu + qu( Vv) + gy (Cl)
to obtain that there is no heat flux, that is g, vanishes identically and the remaining quan-

tities are given by
p=—(a;+s)J? and p=AJ?
where A = (s — ay) J?/3 and

b
T = gl (JuJy =31, 1, — J*n)
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Before taking into account the conservation laws, let us examine the consequences of the
choice for the velocity fluid in terms of its irreducible quantities. From the definition of v,

in terms of the current it follows
I, 13

V2

where the comma represents partial derivative. It is straightforward to prove that v* has

(C2)

Vo8 = 2 Qo

no acceleration. Therefore, although the field has a self-interaction term, the fluid does not

acquires a self-acceleration. Using the expression of the current, the shear in this case is

o —2CLO
=S

It then follows that the anisotropic pressure and the shear are proportional: 7, = £ 0,

(JuJy =31, 1, — J* ) .

where £ = —b; V' J?/2aq. From the equation of evolution of the current we get £=—b J2
In the case parameters a and b are such that b; + 3a; = 0, then the fluid behaves as an

anisotropic vacuum, with p +p =0 and 7, = {0,

Appendix D: Fluid description of the scalar field

For an arbitrary non-linear dynamics driven by a Lagrangian L that depends on the

invariant W = d,¢ 0"¢, the energy-momentum tensor is always given by
T =—-Lgu+2L,0,00,9, (D1)

where L, = 0L/OW. In the comoving frame to the gradient of the field, defined by the
normalized vector

_ Oy

"=
the energy-momentum tensor become equivalent to a perfect fluid, since the heat flux

¢~ and the anisotropic pressure m,, vanish identically. In this case, the non identically zero

quantities are only the energy density and pressure, given by:
p=—-L+2L,W, p=1L. (D2)

Moreover, since both p and p are given as functions of W only, we can write p = p(p). This
shows that the dynamics given by any purely kinetic Lagrangian is equivalent to a perfect

fluid with a specific equation of state that depends on the dynamics of the field.
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